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Preface 

The first draft of this report was prepared by Mr. Reginald A. Barron 

(now deceased), Consulting Engineer, as part of the work being performed by 

the US Army Engineer Waterways Experiment Station (WES) on revision of 

Engineer Manual 1110-2-1901, "Seepage Control." Funds for this work were 

provided by Headquarters, US Army Corps of Engineers (HQUSACE), under CWIS 

Work Unit 31836. Mr. Barron was subsequently funded by WES via Purchase 

Orders DACW39-79-M-4486, dated 26 July 1979, DACW39-81-M-1323, and DACW39-

81-M-3076. The report was completed and published at WES under the auspices 

of the Repair, Evaluation, Maintenance, and Rehabilitation (REMR) Research 

Program. 

This report supersedes WES Miscellaneous Paper GL-80-15. The main 

text of that report has been corrected and three supplements have been 

added to produce this version. 

The contracts under which the first draft was prepared were managed 

by Dr. Edward B. Perry, Soil Mechanics Division (SMD), Geotechnical Labora­

tory (GL), under the general supervision of Mr. Clifford L. McAnear, Chief, 

SMD, and Dr. William F. Marcuson III, Chief, GL. 

Special acknowledgement is made to the earlier work done on the 

seepage berm theory by Messrs. P. T. Bennett (retired), Missouri River 

Division, and R. I. Kaufman, Lower Mississippi Valley Division (LMVD). 

Valuable assistance was given by Mr. C. K. Smith (retired), HQUSACE, who 

reviewed the first draft of the report and suggested that the boundary con­

ditions at the seepage berm toe and levee toe be considered in a more exact 

manner for the finite difference solutions than the approximate manner in 

the first draft. Technical assistance was provided by the geotechnical 

staffs of Rock Island District, North Central Division, and LMVD. 

Commanders and Directors of WES during the preparation and publication 

of this report were COL Nelson P. Conover, CE, COL Tilford C. Creel, CE, and 

COL Robert C. Lee, CE. Mr. F. R. Brown was Technical Director. 
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Conversion Factors, Non-SI to SI (Metric) 
Units of Measurement 

Non-SI units of measurement used in this report can be converted to SI 

(metric) units as follows: 

Multi:ely B To Obtain 

cubic yards 0.7645549 cubic metres 

feet 0.3048 metres 

pounds (mass) per 16.01846 kilograms per 
cubic foot cubic metre 

square feet 0.09290304 square metres 
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MATHEMATICAL ANALYSES OF LANDSIDE 

SEEPAGE BERMS 

Introduction 

1. This report is a compilation of studies done by the author in 

the early 1950's and late 1970's. In the 1950's, work was also done by 

Mr. P. T. Bennett, Missouri River Division, and by Mr. R. I. Kaufman, 

US Army Engineer Waterways Experiment Station, now at the Lower 

Mississippi Valley Division. The results of these early studies are 

presented in TM 3-424.* These early studies were mainly concerned with 

seepage berms that had a coefficient of permeability eQual to that of the 

landside top blanket. Studies by the author in 1979 have extended the 

solutions to include cases where the berm permeability is not that of the 

top blanket. In one case, the solution of the differential eQuation has 

not been obtained and an approximation has been developed using finite 

differences. Supplements No. 1, 2, and 3 to this report present solutions 

for seepage berms with constant slope of upper surface, riverside seepage 

berms, and general cases and short berms, respectively. 

Assumptions 

2. The foundation conditions for dams and levees are so complex 

that it is necessary to make simplifying assumptions so that mathemati­

cal solutions may be obtained to determine the influence of downstream 

seepage berms on seepage and seepage uplift heads. Because of these 

assumptions, any solution obtained is an approximation of the real con­

ditions. The solutions should be regarded as aids to engineering judge­

ment. The assumptions are: 

* 

a. Two-dimensional seepage is in a vertical plane. 

b. The top blanket and the pervious foundation extend in a 
landward direction to infinity. 

US Army Engineer Waterways Experiment Station. 1956. "Investigation 
of Underseepage and Its Control, Lower Mississippi River Levees," 
Technical Memorandum 3-424, Vol 1, Vicksburg, MS. 
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c. The top blanket is at least ten times less pervious than 
the lower pervious foundation. 

d. The top blanket is pervious only in a vertical direction. 
Thus, the permeability in the horizontal direction is zero. 

e. Except where specifically noted, the permeability of the 
seepage berm conforms to ~ above. The permeability of the 
berm may be different from that of the top blanket. 

f. The pervious foundation is pervious only in the vertical 
direction, and the permeability in the horizontal direc­
tion is zero. 

£• The pervious foundation rests upon an impervious 
foundation. 

h. The seepage berm, the semipervious top blanket, and the 
pervious foundation are homogeneous. 

i. The central part of the levee and the underlying top 
blanket are impervious. 

l· The landside water table is at, or above, the top of the 
top blanket. 

k. Except where specifically stated otherwise, the seepage 
flows upward through the seepage berm to emerge on its 
upper surface. Thus, the upper surface of the seepage 
berm is not an equipotential surface. 

l. The seepage through the foundation, top blanket, and seep­
age berm is not time-dependent. 

Case I - Impervious Berm 

3. The permeability of the seepage berm is zero for this case. 

However, there may be cases where the berm thickness is so great, and 

because it is assumed that the berm horizontal permeability is zero, 

that there will be no upward seepage in the berm. The latter case will 

have the same foundation seepage and uplift at the base of the top 

blanket as that for the case where the berm is impervious. The uplift 

head at the downstream (or landward) toe of the seepage berm is h 
a 

The seepage uplift safety factor, F , at this location is expressed as 

F (l) 
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where 

zb = thickness of the semipervious top blanket 

y~ = buoyant v:eight of the semipervious top blanket 

h = allowable seepage head at the landside seepage berm toe 
a 

Yw unit weight of water 

Rearranging EQuation l results in 

h = 
a 

~yb 
y F 

w 
(2) 

4. A schematic hydraulic potential profile is shown below (no 

upward seepage under or through the seepage berm). 

, .. 

where 

8 .., 

...-x 

H = net hydraulic head 

ht = uplift under the semipervious top blanket at the landward 
or downstream toe of the impervious levee or dam 

h = uplift under the semipervious top blanket at the landward 
a or downstream toe of the seepage berm 

B = downstream width of the seepage berm 

1
2 

= base width of the impervious levee or dam 

1
18 

= effective landside length of the semipervious top blanket 

X = effective riverside or upstream length of the semipervious 
top blanket 

x = horizontal distance measured landward from downstream toe of 
the levee or dam 

H and h are related as 
a 
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h 
a 

Thus, the sc:::page berm length, B 

B = 

H 
( 3) 

becomes 

( 4) 

Substituting the value of h 
a 

from Equation 2 into Equation 4 results 

in 

B = 

The seepage uplift under the seepage berm varies in a linear manner 

from at X = 0 at the landward levee toe to h 
a 

at X = B at 

the landward toe of the seepage berm. This condition is a result of 

( 5) 

the berm being impervious with no upward seepage through the top blanket 

under the berm. 

expressed as 

The uplift, h at point x, where 
X 

h = h - (h - h ) ~ 
X t t a B 

0 < x < B , is 

5. The permeability of the seepage berm is assumed to be zero 

(or nearly so), but sufficient seepage upward is assumed to render it 

buoyant. The uplift safety factor for the seepage berm and the semi­

pervious top blanket at 0 < x < B is 

The berm thickness, 

F 
X 

t y' 
X t = ...,...( h_...:..:_;_t~)-y-

x X W 

t at point x, is written as 
X 

(6) 

( 7) 



t = 
X 

h y F 
X W X 

y' + y F 
t W X 

( 8) 

where F 
X 

is the safety factor at point x that may be a constant or a 

variable with X o 

where 

Example: (to be used throughout this report) 

H = 30ft*, ~ = 5 ft, D =50ft, kf/kb = 200, 

1 2 = 200 ft, yw = y~ = y~ , and 11 = 500 ft 

D = thickness of the pervious foundation 

= horizontal permeability coefficient of the pervious 
foundation 

~ = vertical permeability coefficient of the top blanket 

y~ = buoyant unit weight of the seepage berm 

1
1 

= length of the riverside top blanket 

The length of the landside top blanket is infinite. A generalized 

cross section of the geologic strata, levee, and seepage berm is shown in 

Figure 1. 

6. The effective riverside length of the semipervious top blanket 

is expressed as 

X = 
tanh ( cL

1
) 

c 

'" A table of factors for converting non-SI units of measurement 
to SI (metric) units is presented on page 3. 
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Figure 1. Generalized cross section of geologic strata, levee, and seepage berm 

H 

to 



where 

c = 
c )1/2 
kf~z~ 

1 
= 

'J 200 X 50 X 5 

1 
= 

223.6 ft 

X= 223.6 tanh (500 f 223.6) = 218.5 ft 

The effective landside length of the semipervious top blanket is then 

1 
L = - = 223.6 ft LS c 

By substituting the values above in Equation 5, the width of the seepage 

berm becomes 

B = 30 X 223.6 X 1 X F- (218.5 + 200 + 223.6) 
5 X 1 

= 1341.6 F - 642.1 

For a safety factor that is uniform for 0 < x < B , the required berm 

length, B , is given in the following tabulation. It should be noted 

that the value of B is a maximum for a given safety factor because of 

the imperviousness of the berm. Also, B will be less for other cases 

where the berm permeability is greater than zero. 

7. The uplift at the landside levee toe (x = 0) is expressed as 

X + 1
2 

+ B + L 
LS 

30 (B + 223.6) 
B + 642.1 

8. For a constant safety factor, the berm thickness varies in a 

10 



linear manner from a maximum value at the landside toe of the levee to 

a minimum at x = B • The berm thickness at x = 0 is t ; by using 

Equation 8, the values of t are obtained as given in the following 

tabulation. 

Safety Berm 
Uplift at 

X = 0 Berm Thickness Factor Length 
ht ft t = B ft F B ft ' t ft ' ~·- 2 X 

1.0 700 20.65 10.3 2.5 

1.1 834 21.49 11.3 2.4 

1.2 968 22.20 12.1 2.3 

1.3 1102 22.80 12.9 2.2 

1.4 1236 23.32 13.6 2.1 

1.5 1370 23.76 14.3 2.0 

9. The tabulation given above, and those which follow, are for 

illustrative purposes. The safety factor at the landside levee toe and 

the landside berm toe for design use are items that depend on judgement 

and will not be-discussed in this report. The uplift safety factor at 

the landside levee toe should be such as to prevent slope failure under 

maximum riverside pool. Note that the safety factor is uniform through­

out the width of the berm. However, variable safety factors may be 

used. For example, assume that F = 1.5 at the levee toe and 1.0 at 

the berm toe with B = 700 ft and ht = 20.65 ft . Then by substituting 

in Equation 8 

t = 20.65 X 1 X 1._5 = 12.4 ft 
1 + (1 X 1.5) 

Case II - Infinitely Pervious Berm 

10. This case can be approached in theory but not realized in 

design; however, it is closely approached when the top blanket perme­

ability is very much smaller than that of the berm (an order of 1 to 

500). The berm is assumed to be made of such pervious soil that no head 

loss occurs in the vertical or horizontal sr:epage at the base of the 

11 



berm. The equations describing the flow conditions in the top blanket 

were presented by Bennett.* The origin of the x coordinate is 

at the lands ide levee toe and is positive landward. The assumption of 

infinite horizontal permeability for the berm negates assumption e (see 

paragraph 2) for this case. 

11. The uplift head at the base of the top blanket under the 

landside levee toe, ht , is expressed as 

(9) 

12. The uplift head under the semipervious top blanket at the 

berm landside toe, h , is controlled by the uplift safety factor. The 
a 

uplift head at the base of the top blanket, h at point x, landward 
X 

of the landside levee toe is written as 

At X = B 

then 

(landside berm toe), 

-cB 

h 
X 

h 

h 
a 

= h a 

Zbyb 
= y F 

w 

by using Equation 2 

By rearranging Equation 11, the berm width, B , becomes 

(10) 

(ll) 

* Preston T. Bennett. 1946. "The Effect of Blankets on Seepage Through 
Pervious Foundations," Transactions of the American Society of Civil 
Engineers, Vol III, pp 215-252. 
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1 
B =- ln 

c 

Assuming that the landside tailwater is just at the top of the semi-

(12) 

pervious top blanket, the safety factor against uplift, 

is expressed as 

F at point x, 
X 

Then, the berm thickness, 

F = 
X 

z y' + t y' 
b b x m 

hxyw 

t at point x, can be written as 
X 

t 
X 

where y' 
m 

is the moist unit weight of the berm and h 
X 

is obtained 

from Equation 10. If part of the berm is submerged, then that part 

(13) 

(14) 

requires the use of a buoyant weight in computing the berm thickness. 

13. Using the data for the example given in Case I (see para­

graph 5), a uniform safety factor and a moist unit weight, y~, that 

is twice as large as the buoyant unit weight of the top blanket, y~ , 

and the unit weight of water, y , the uplift under the landside levee 
w 

toe, ht , is determined by substituting in Equation 9. 

Also, 

h 
a 

30 X 223.6 
218.5 + 200 + 223.6 = 10 • 45 ft 

5 X 1 = ~--1 X F 

y' = 2y' = 2y m b w 

= 10.45 X 1 X F - (5 X 1) 
t 2 

13 



The berm thickness, t at X = 0 ' is given in the following tabulation. 

Safety Berm Uplift at Berm Thickness 
X = B Factor Length 

h ft t at X = 0 
F B ft ' ft 2 a 

1.0 165 5.0 2.7 

1.1 186 4.5 3.2 

1.2 206 4.2 3.8 

1.3 223 3.8 4.3 

1.4 240 3.6 4.8 

1.5 255 3.3 5.3 

14. The berm thickness for the case where the uplift safety fac­

tor is 1. 5 is determined by substituting in Equations 10 and 14. 

h 
X 

= 10.45e-x/223.6 

(h X 1 X 1.5) - (5 X 1) t = --~x __________________ ___ 
X 2 

The following tabulation is obtained for 

X , ft 

0 

50 

100 

150 

200 

255 

h ' ft X 

10.45 

8.36 

6.68 

5.34 

4.27 

3.34 

h 
X 

and t 
X 

t ' ft 
X 

5.3 

3.8 

2.5 

1.5 

0.7 

0 

Case III - Infinitely Pervious Berm 
in Vertical Direction 

15. In this case, the horizontal permeability equals zero, and 

the safety factor is constant. The differential equation for seepage 

14 



upward through the top blanket and berm is written as 

kb (h - t ) 
X X = ----'----
~ 

(15) 

It should be noted that only the semipervious top blanket has seepage 

resistance since the vertical permeability of the berm is infinite. 

16. Equation 15 can be expressed as 

where t 
X 

t ) 
X 

= c
2 

(h - t ) 
X X 

is the variable thickness of the berm. The seepage flows 

(16) 

vertically in the berm (the horizontal permeability assumed to be zero). 

The berm has a buoyant unit weight, y ~ • 

17. The uplift safety factor of the combined seepage berm and 

top blanket is then 

z y' + t y' 
F b b X t = (h - t ) y 

X X W 

and 

z y' + t y' 
h t b b X t = 

X X y F 
w 

~y' t y' __ b_ + X t = y F y F 
w w 

so that 

Zbyb (1+ ::F)= (' F + y' ) h --= t t w t 
X y F X X y F 

w w 

and 

15 

( l 7) 



( 18) 

where the berm thickness, t at point x , is exp:ce::;sed in terms of the 
X 

uplift, h , at the base of the semipervious top blanket, the safety 
X 

factor, unit weigh ;;s, and top blanket thickness. 

18. Set 

y F 
__ w-"--·--=- = A 
y F + y' w t 

2 = c 

Then Equation 16 can be expressed as 

d
2

h 2 (h --= c 
dx2 

where 

and 

X 
t ) 

X 

2 
(h = c 

X 

h c 2 (1 = 
X 

= h e + l; 
X 

c
2 

( 1 - A) = e 

2-
c B = l; 

16 

h A + 
X 

13) 

A) + c2B (19) 



Now set 

so that 

A solution to Equation 21 is 

or 

h e + r. = y 
X 

The coordinate system is zero at the landward berm toe, and x is 

positive in the landward direction. At x = 0 (berm landward toe). 

h = h · thus 
a ' 

h 
cl c2 s_ = -+--

a e 8 8 

Now 

2- ( ~Yb )('wF + rt) s_= c B = 8 2 
(1 - A) 

y F + y' y' c w t t 

17 
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(22) 

( 23) 

(24) 

(25) 



and so Equation 24 may be expressed as 

but 

(h + zb Y-b) 8 = 
a y' 

t 

8 = c2 
( 1 - A) 

and Equation 26 becomes 

At X = 0 

dh h 
a -= 

dx - LLS = -8- - -8-

Thus, the two simultaneous equations that result are 

Then 

( zb Y~) 8 
h-Ve 

cl 
a = h + -- --a y' 2 2LLS t 

and 

( ~y~) ~+ 
h-Ve 

c = h +-- _a_._ 
2 a y' 2 2LLS t 

so that Equation 23 becomes 

18 
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( 27) 

(28) 

(29) 

( 30) 

( 31) 

(32) 



= h +...l2.._E_ e +e a e -e 
( 

Z y')( x. -Ve -xVe) h ( x-Ve -xfe) 
a yt 2 - 118~ 2 

( ~y') h 
= h + -f2. cosh (xve) -

1 
a "VA sinh (x-Ve) 

a yt LS 8 

At x = -B (landside levee toe), h = ht thus 

Also, at x = -B 

dh -= 
dx 

_ (h + Zb ~~) V8 sinh (BVe) - :a cosh (B-v'e) 
\ a yt LS 

(BVe) 

h 
+ (! + 1

2
) 

1 
a cosh (BVe) 
LS 

19 

( 33) 

( 34) 

( 35) 

( 36) 



Now, substitute in Equation 34 to obtain 

H- 11_ = (H + zb~b)- (h + z~~b)cosh (BVe) 
t yt a lt 

Then equate Equations 36 and 37 to obtain 

H 

Now 

and 

so that 

where 

Zbyb 
+--= 

y' 
t 

( B"Vil) [cK + L2 ) 
h 

cosh ~+ 
1

LS 

+ sinh (BYe) [(ha Z, Yb) +--
y' 

t 

+ a 
h J 

LLSVe 

Ve = c 
y' 

t 
y' + y F t w 

(ha + ~~b)] 
(K + 12) Ve 

Zbyb = 
H + ---- = A cosh (BVS) + B sinh (B~) 

y' 
t 

20 

( 37) 

(38) 

( 39) 



and so 

( z y') h 
B = ha + byt' b (~: + 12 ) -¥6 + a 118-ye 

(n + ~ :{,)- A cosh (EVe) - B sinh (FV8) 

(H 
~y~) (A+ B) BVe (A- B) -B-Ve _ .r: = + -- - e - e - u y' 2 2 

t 

For any given set of conditions various values of berm length, 

tried until o is equal to zero. 

Example: (same as for Case I) 

-ve = -;::===1===== X -;:::::1=: v 200 X 50 X 5 -v 1 + F 

1 1 
= 223.6 X v 1 + F 

(40) 

B , are 

The following tabulations illustrate Case III, for the infinitely per­

vious berm in the vertical direction. 

Safety h (ha + Zb) 
Factor a 

h ' ft 10 3 (-Ve) 11sVS ha + ~ X (! + 1
2

) -Ve F a 

1.0 5.0000 3.162 7.0711 10.000 13.2330 
1.1 4.5455 3.086 6.5870 9.545 12.3273 
1.2 4.1667 3.015 6.1802 9.167 11.5667 
1.3 3.8462 2.949 5.8330 8.846 10.9173 
1.4 3. 5714 2.887 5. 5328 8. 571 10.3556 
1.5 3.3333 2. 828 5.2705 8.333 9.8623 
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Safety 
Factor 

F B A A+ B -A + B -·--
1.0 20. 304J 19.3582 39.6623 0.9459 
1.1 18.9143 J 8. 0529 36.9672 u.8614 
1.2 17.7469 16.9652 34.7121 0.7817 
1.3 16.7503 16.0448 32.7951 0.7055 
1.4 15.8884 15.2559 31.1443 0.6325 
1.5 15.1328 14.5722 29.7050 0.5606 

A - B -EVe is rather small. If it is neglected and 0 e 2 

( Zby~) 2 
H + -y' -

t A + B 

Bfe = e 

and so an approximation of the berm length is 

1 B = -ln -ve fi(H + zb: ~) = 2 =] 
~ yt A + B 

as shown in the following tabulation. 

B , ft 
F Eg (40) 

1.0 182 
1.1 209 
1.2 234 
l. 3 259 
1.4 282 
l. 5 304 

BAPPROX ' ft 
Eg (42) 

180 
207 
233 
257 
281 
303 

= 0 , then 

19. The uplift, h at the base of the top, semipervious 
X 

( 41) 

(42) 

blanket can be obtained from Equation 33. (Note that x is negative 

and that x = 0 is at the landside berm toe.) 

h = (h + Zb :~) cosh (x-Ve) -
1 

ha-Ve sinh x \a yt LS 8 
( 43) 
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The berm thickness at point -x can be obtained from Equation 17 so that 

For a safety factor equal to 

following tabulation for t 
X 

t = 
X 

1.5 

hywF - Zbyb 

Y F + -v' 
w 't 

and noting 

repl'c'ccnts the 

that 

data 

ft h 
' 

ft t 
X ' X X 

0 3.33 = h 0.0 
X 

-50 4.16 0.5 

-100 5.18 1.1 

-150 6.40 1.8 

-200 7.84 2.7 

-250 9.55 3.7 

-304 11.72 = ht s.o 

Case IV - Permeabilit~ of SeeEage 
Eg,ual to That of ToE Blanket 

(44) 

X is negative, the 

from the example above. 

ft 

Berm 

20. The origin of the x coordinate is taken at the landside 

seepage berm toe with a positive direction towards the river. The fac­

tor of safety against seepage uplift is assumed to be a constant F 

(Equation 17). The seepage gradient, i , is expressed as 

h - t 
i = _.;.;;x __ x_ 

tx + zb (45) 

The differential equation relating the flow up through the combined top 

blanket and seepage berm to that flowing horizontally through the per­

vious foundation (note that kb = kt) is 

kDdh=k _x __ _ 2 (h - t~x)= 
f dx2 b tx + 

(46) 

If the buoyant unit weight of the top blanket, y~ , is equal to that of 
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the seepage berm, yt , then the safety factor of the combined berm and 

top blanket is written as 

(47) 

Thus, Equation 46 can be rewritten as 

--= 
dx2 

(48) 

If the buoyant weight of the berm is less than that of the top blanket 

(yt < y~), then with a constant seepage gradient upward through the top 

blanket and berm (kb = kt)' the uplift safety factor for the berm only 

is 

and 

so that 

where 81 and 82 are constants such 

82 = 81 

The solution of Equation 48 is 

At X = 0 

24 

= 
y' 

t 
y F 

w 

that 

y' 
t 

y' 
b 

(49) 

(50) 

(51) 

(52) 



where 1
18 

is the effective length of the top blankti landward of the 

seepage berm landside toe. Thus 

Integrating again 

At X = 0 ' h = h 
a 

and by inserting the 

At X = B ' h = ht 

dh -= 
d.x 

h 
6 X + a 
1 LLS 

2 h X 

h 
X +~+ c2 = 6

1 2 X 1LS 

= c2 so that 

2 h X 

h 61 
X ~+ h = -+ 

X 2 1LS a 

values of 61 and h in Equation 
a 

~y~x 
2 

Zbybx Zby~ 
h = + +--

X 2kfDywF ywF1LS y F 
w 

so that 

2 
~y~B ~y~ ~y'B 

h = b + +--
t 2kfDywF ywF1 LS y F 

w 

Now at x = B , the slope of the piezometric profile is 

so that the uplift head, ht , is 

~y-bB (R + 12) 
h+ = H - ~-----~~ 

~ kfDywF 

25 

= 

z y I (X + 12) 
b b -

(53) 

(54) 

(55) 

55 

(56) 

(57) 

(58) 

(59) 



By equating the expression above and the Equation 57 the value of B 

may be written as 

[-1 + Jr + "r.s] 
(60) 

If the buoyant weight of the seepage berm is less than that of the top 

blanket, the expression 8
2 

should be used rather than 8
1 

This re-

quires the use of yt in Equation 60 rather than yb 

from the Case I example (see paragraph 5) to obtain 

Use the data 

B = 642.1 (-1 + ~l.45518934F + 0.3035352749) 

as shown in the following tabulation. 

Safety Berm 
Factor Length 

F B 
' 

ft 

1.0 209 

1.1 244 

1.2 277 

1.3 309 

1.4 340 

1.5 370 

21. The uplift at the base of the top semipervious blanket, 

referred to the upper surface of the blanket may be obtained using 

h 
X 

Equation 56. The thickness of the seepage berm, t at point x, may 
X 

be computed as indicated below. 

given by Equation 17 so that 

t 
X 

= 

The uplift safety factor, F , is 

h 
Zbyb 

X y F 
w 

y I 

l 
b + --

y F 
w 

26 
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22. Use the data from the Case I example with the safety F = 1.2 

and B = 277 ft . Then Equation 56 becomes 

2 = l X X 5 X l X X 5 X 1 
2 X l X 1.2 X 200 X 50+ l X 1,2 X 223,6 + 1 X 1.2 

and Equation 61 is 

as shown in the 

t 
X 

= 
h 

X 

5 X 1 
1 X 1.2 = 

1 - + 1 
1 X 1.2 

1.2h - 5 
X -----= 

1.2 + 1 

following tabulation. 

ft 
h X ~ 

ft t ' X_, 
--

X 

0 4.167 o.o 
50 5.203 0.6 

100 6.447 1.2 

150 7.899 2.0 

200 9.560 2.9 

250 11.429 4.0 

277 12.525 4.6 

6h .;.. 25 
X 

11 

ft 

Case V - Semipervious Seepage Berm 

23. It is assumed for this case that the vertical permeability 

of the seepage berm, kt , is equal to or less than that of the semi­

pervious top blanket and that the horizontal permeabilities of both the 

seepage berm and semipervious top blanket are zero. The x coordinate 

system is zero at the landside toe of the seepage berm, and the positive 

direction is riverward. 

24. When seepage flows perpendicular to soil layers l and 2, it 

is helpful to express the thickness of one layer so that it has a 

thickness-permeability re:'_ationship such that a common permeability co­

efficient may be used. Thus, if layer l has k
1 

and z
1 

and layer 2 
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has k2 and z2 ' then the equivalent thickness of z2 ' using kl in 

lieu of k2 , is 

or the equivalent thickness of layer 1, using k
2 

for both layers, is 

Z' = 
1 

The thickness of the top blanket, zb ' can be expressed as zb ' to 

permit the use of the seepage berm permeability. 

Z' = 
b 

The differential equation for this case is 

Rewrite Equation 63 so that 

(62) 

( 63) 

(64) 

The seepage gradient up through the berm and the equivalent top blanket 

is 

The uplift safety factor in the seepage berm only is a constant F • 

Then 

F = 

28 

y' 
t 

y i 
w 

(65) 

(66) 



where 

y' 
i t 

y F 
VT 

so that 

d
2

h kti kty~ 
e -= -= = 

dx2 kfD kfDywF 
(67) 

Integrating 

dh ( 68) -= 
dx 

(69) 

At X = 0 ' h = h = c 
a 2 

where h is the uplift head just under the 
a 

semipervious top blanket. At x = 0 (using Equations 1 and 2) 

F 
ybZb 

= 
ywha 

h c2 = 
ybZb 

= 
a "!' F w 

Also at x = 0 , the landside seepage gradient is 

-= dh (70) 
dx 

where 1
18 

is the effective landside length of the top blanket measured 

landward from x = 0 • Then at x = 0 

dh -= 
dx 

so that the uplift head at 

h = 
X 

e x o + c
1 

= 
h 

a 

point x at the base of the 

ktytx 
2 

Zbybx Zbyb 
+ +--

2kfDY
1
/ ywF1LS y F 

w 

29 

( 71) 

top blanket is 

(72) 



At x = B (landside levee toe), the seepage uplift at the base of the 

top blanket is 

h = t 

ktytB2 

2kfDywF 
i-

Also at X = B , the seepage gradient 

and so 

Zb ybB Zbyb 
+--

ywF11s y F 
w 

in the pervious foundation 

ktytB C! + 12) 

ywDFkf 

Equate Equations 73 and 75 to obtain 

where 

If y' = y' 
b t 

B = ( ~ y b 118 + X + ) 
ktyt 12 

[ -1 + II + ( ) ] 

( ) 
( Y-b~ + K + 12_\ 

ytkt 1LS J 
Equation 76 becomes Equation 60. 

( 73) 

is 

(74) 

(75) 

(76) 

( 77) 

25. Use data from the Case I example (see paragraph 5) to obtain 

the following tabulation with 

where K equals the ratio of the seepage berm permeability to that of 

the top blanket. 
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Seepage Berm Width, B , ft 
K F = 1.0 F = 1.1 F = 1.2 F = 1. 3 F = 1.4 F = 1.5 

--~-··--

l 209 244 277 309 340 370 

0.2 445 519 591 6oo 727 793 

0.1 535 628 718 806 892 975 

0.05 603 711 817 921 1023 1124 

0.02 656 778 898 1018 1136 1253 

0.01 677 804 931 1057 1183 1308 

0.001 697 831 964 1097 1231 1364 

O.OOOl 699 833 967 1102 1236 1370 

O.OOOOl 700 834 968 1102 1236 1370 

26. For the small values of K , the values of B from the 

tabulation above are equal to those in the tabulation on page 11; when 

K is unity, the values of B equals those in the tabulation on page 26. 

Using a concept introduced by Polubarinova-Kochina, write 

tan (Tis) ( 78) 

so that 

l l 
E: = - arc tan -

7T \[K (79) 

as shown in the following tabulation. 

K E: 

Infinity 0 

10 0.097 

5 0.134 

1 0.250 

0.2 0.366 

0.1 0.403 

0.05 0.430 

0.01 0.468 

0 0.500 
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27. Having selected an uplift safety factor~ F ~ for the seepage 

berm and having determined the berm length, B ~ the uplift head, h 
X 

at the base of the semipervious top blankPt, (referenced to the upper 

sur .lace of the blanket) can be determined using Equation 72. The seep­

' (or the top of the semi-age head at the base of the seepage berm~ h' 
X 

pervious top blanket) is found as follows: 

h - t h' - t 
X X X X = 

t + ZbK t 
X X 

(So) 

so that 

h - t 
h' t X X = 

X X Z K 
1 + 

b 
t 

( 81) 

X 

The uplift safety factor for the seepage berm is a constant F • Then 

so that 

t y' 
F = X t 

(h' - t ) yw 

h' 
X 

X X 

t 
X 

= 
t y' 

X t 
y F 

w 

(82) 

(83) 

28. Equate Equations 81 and 83 to obtain the following expression 

for the berm thickness at point x 

t 
X 

= 

h 
X 

y' 
1 + t 

y F 
w 

Using the data from the example presented in Case I with F = 1.2 , 

K = 1.0 ~ and B = 277 ft , Equation 72 is 
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and 

5 X l X l 
h 

l ]_. 2 l.2h - 5 
X X X 

t = = 
X 

l 
l 2.2 

+ 
1.2 l X 

6h 
.s2.. X = ll ll 

as given in the following tabulation, which agrees with values in the 

tabulation on page 27. 

X 2 ft 
h ' ft t ' ft X X 

0 4.167 o.o 

50 5.203 o.6 

100 6.447 1.2 

150 7.899 2.0 

200 9.560 2.9 

250 11.429 4.0 

277 12.525 4.6 

29. As another example, assume that F = 1.2 , K = 0.00001 , 

and B = 968 ft . Then 

+( lX5 ) + 
l X 1.2 X 223.6 X 

33 
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h 5 X 1 X 1 
X 1 X 100,000 X 1.2 t = ~~-=--~~L-~~~~ 

X 1 1 + --=---:-
1 X 1.2 

1.2hx 
5 = -·-·····~---

2.2 2.2 X 100,000 

6h 
X = -- 25 6hx 

1,100,000 ~ 11 11 

The following tabulation is obtained for 

on page 11). 

X 2 ft 
h ' ft X 

0 4.167 

100 6.030 

200 7.894 

300 9.757 

4oo 11.621 

500 13.484 

6oo 15.348 

700 17.211 

800 19.075 

900 20.938 

968 22.206 

h 
X 

t 

and 

X 
' ft 

2.3 

3.3 

4.3 

5.3 

6.3 

7.4 

8.4 

9.4 

10.4 

11.4 

12.1 

t 
X 

(see tabulation 

30. The results of the examples given in the two previous tabu­

lations (see page 31 (bottom) and the one above) represent the extremes 

for K = 1 and K equal to a very small value. A third case is given 

where F = 1.2 , K = 0.1 , and B = 718 ft . Then 

t 
X 

h , X 1 

1 + 

5 
X 

1 

X 1 X 

10 X 
.. 

1 
X 1.2 

1 
6h 1.2 

1.2h 
5 2.5 X X = = 2.2 2.2 X 10 11 11 
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and t given in the following tabulation. 
X 

X 

0 

100 

200 

300 

4oo 

500 

6oo 

718 

ft h ' ft X 

4.167 

6.072 

8.060 

10.132 

12.287 

14.526 

16.847 

19.694 

t ' ft 
X 

2.046 

3.084 

4.169 

5.299 

6.475 

7.696 

8.962 

10.515 

31. The development above is for the case where the uplift 

safety factor of the seepage berm only is considered. If the uplift 

safety factor of the combined seepage berm and semipervious top blanket 

is developed, then the basic differ~ntial equation is that given by 

Equation 119 which can be solved using Equation 121, the finite dif­

ference method. Setting K = kt/kb , the uplift safety factor of the 

seepage berm, Ft , and that for the combined seepage berm and the 

semipervious top blanket, Ft+b , then becomes 

If 

then 

Ft t + ZbK 
X --= 

Ft+b 
t 

Zbyb 
+~-

y' X 

y' 
'K >< _.E_ 

y' 
t 
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32. 

Case VI - Variable Uplift Safety Factor 

For this case, it is assumed that the uplift factor is F 
0 

at the landside levee toe and varies in a linear manner to a lower value 

FB at the landside berm toe. The x coordinate system has its origin 

at the levee toe and is positive landward. The berm width is B The 

uplift safety factor at point x is as follows: 

basic differential equation (Equation 64) is 

If k < k , then the 
t- -0 

The upward seepage through the top semipervious blanket and seepage berm 

has a gradient (Equation 65) in the berm of 

The seepage uplif~ safety factor for the berm only is 

y' 
F = _!_ = F - (F - F ) x 

y i o o B B 
w 

Combining Equations 65 and 85 

and Equation 64 

Set 

h - t 
X_ X = 

t 
ktZb 

+--
X ~ 

becomes 

-··-= 
dx2 

¢ = F 
0 

y' 

[,,0 -
1 t 

Yw (F - F ) 
0 B 
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then 

and 

so that 

Equation 87 rewritten is 

ih -= 

dx 
d¢ = - (F - F ) 

o B B 

dx = -Bd¢ 
F - F o B 

( dx)2 = 
B2(d~)2 

(Fo - FB)2 

ktyt d
2

h (F -
0 

F )2 
B 

= 
dx2 kfDfyw¢ B2d¢2 

and so 

where 

so that 

dh Bdh 
d¢ = - (F

0 
~ FB) dx 

dh - = 8 ln ¢ + cl d¢ 

= 8 ln [F - ( F - F ) ~] + C o o B B l 

37 

( 88) 

( 89) 

(90) 

(91) 

(92) 



and 

dh -= 
dx 

at x = B , 

e - (F - F ) ~ 1n 
o B B 

dh and ~ = 
dx 

J 
C (F

0 
- FB) 

(F - F ) ~ - -=1 --=---=-
o B B B 

h 
a --, then 

1
LS 

Equation 91 can be reexpressed as 

dh hB 
-~-· = 8 ln ¢ + a 8 1n F 
d¢ 118 (F

0 
- FB) - B 

which, upon integration, is 

[ 
~ h B¢ 

h x = 6 </> 1n ( </> ) - </> - </> ln ( F B J + LLS ( ; o - F B ) + C 2 

At X = B ' ¢ = F and h = h , then 
B a 

so that 

c =h +Fe- ( ) 2 a B 118 F
0 

- FB 

Thus, Equation 96 becomes 

At x = 0 , <P = F
0 

and h = ht , then 

ht =a [F0 ln(::)- F0 + FB] + ha (B :L;s) 
38 
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(94) 

(95) 

(96) 

(98) 

(99) 
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Also at x = 0 

dx 
X+ 1 

2 

Now, substitute Equation 94 into Equation 93 to obtain 

dh -= - ( F - F ) -B
8 

ln l IF
0 

- ( F - F ) ~] L t - h a 
o B l o B B FBf L18 

dx 

At X = 0 ' F 
0 

dh H - ht 
~=-----=---
dx 

X+ L 
- 2 

and ht may be expressed as 

h = H - (X + L ) ( F - F ) .§_ ln ( F 0 
) - (X + 1

2 
) h a 

t - 2 o B B FB L18 

Equating Equations 100 and 103 results in 

ktytB2 

kfDyw (F 
0 

- F )2 
B 

= 

At X = B 

r ln (F 0 ) - Jo + F J + o FB o B 

H - (i: + L2) 
[ ktytB 

kfDyw (Fo -

and h = 
a 

Equation 104 may be expressed as 
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h (B + LLS) a 
1

LS 

F )Jln(;o) 
B B I 

(101) 

(102) 

(103) 

(104) 



B2 

LFC 
F 

ln (;:)-
l 

FBJ + 
[K + 12 

ln G:) 0 

B F -
- F )2 F FB 0 0 B 

LLSY{,~] [Y{,kbLLS 
(! + 12 + 1LS) 

- JIL~sYw~] 0 (105) + I + I = 
FBytkt ytktFB zb ytkt 

33. Set 

LF 
F C) FB] A = 0 ln __£ -

1 

- F )2 FB Fo -
0 B 

[X+ 12 
ln G:)+ ybLLS] 

c = F - F FBYtK o B 

D = 

Then Equation 105 can be expressed as 

(106) 

The solution for the berm width, B is 

B = c_(-1 + ~) 
2A ~_~_- ~ 

(107) 

Using data previously presented in Case I example (see paragraph 5) with 

FB = l and K = kt/kb , the berm lengths for various K and the safety 

factors at the levee toe are as shown in the following tabulation. 

Safety Factor Berm Len 13th 2 B z ft 

Fo K = l K = 0.2 K = 0.1 K = o.o1 K = 0.001 K = 0.0001 

1.000001 209.4 444.6 535.3 676.6 697 .l 699.3 
l.l 215.2 

(Continued) 
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Safety Factor Berm Len~th 2 B 2 ft 
F K = l K = 0.2 K = 0.1 K = 0.01 K = 0.001 K = 0.0001 0 

1.2 220.7 
1.3 255.8 
1.4 230.3 
1.5 235.3 470.8 555.5 680.2 697.5 699.3 
3 286.3 
5 329.4 548.7 611.2 688.9 698.4 699.4 
10 392.4 
100 590.6 
1000 678.5 
10,000 696.5 
100,000 699.1 
1,000,000 699.5 699.5 699.5 699.5 699.5 699.5 

From Equation 86 the expression for the variation in the thickness, 

of the seepage berm is written as 

t , 
X 

y' [ tx + ZbK 
h - t = _i 

X X yw F - (F - F ) 
o o B 

The value of h at point x is obtained from Equation 99. Then 
X 
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(lll) 

Using the same data as given in Case I example F = 1.5 
0 

FB = 1.0 , 

B = 235.3 , and K = kt/~ 1.0 , Equation 110 becomes 

h 5 
X 

1.5-
0.5x 

hx (1. 5 
0. 5x ) 5 

t = 235.3 = - 235.3 -
X 

l + l 
(1.5 - 0.5x ) + 1 

1.5 -
0.5x 235.3 
235.3 

and Equation lll is 

_ (1 5 _ 
0 

• 5x ) + 1]} + 5 [l + • 235.3 
( 

0. 5x ) 
235.3 1.5 - 235.3 -

223.6 (1.5 - l) 

" 5 {4.429556511 [(1.5 - 4 .1~.6) ln (1.5 - 4 7~.6) 

+ 235.3 (1.5 - 47~.6) - l] 
111.8 

With values of h and t given in the following tabulation. 
X X 
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ft 
h ' ft t ' ft 

X 2 X X 

0 12.658 5.59 

50 10.671 4.12 

100 8. 86)+ 2.80 

150 7.251 1.63 

200 5. 850 0.62 

235.3 5.1JOO o.oo 

Case VII - Pervious Seepage Berm 

34. For this case, the vertical permeability of the berm is equal 

to or1arger than that of the top, semipervious blanket. As with most 

of the other cases, the horizontal permeability of the seepage b1anket 

is assumed to be zero. The origin of the x coordinate system is at 

the landside toe of the seepage berm and is positive towards the river. 

The basic differential equation is 

2 k (hx - tx) 
k D d h = _-o.;:__--=~-~ 

f dx2 tx 
~+ 

(112) 

K 

where the effective thickness of the seepage berm in regards to seepage 

is 

Therefore, 

~ 
t - = 

X J:\t 

t 
X 

K 

35. It is assumed that the uplift safety factor for the top 

blanket and the seepage berm combined is a constant F Then 
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(114) 



z y' + t y' 
F 

b b X t 
( 115) = 

(h - t ) y 
X X W 

and 

Z y I + t ,, I 

h t 
b b x 1t 

( 116) = 
X X y F 

w 

h 
zb Y~ 

t (1 <:F) (117) -~= 

X y F X 
w 

h 
Zby~ 

X y F 
t 

w 
( 118) = 

X y' 
l + _.!___ 

y F 
w 

Equation 114 can be rewritten as 

2 ( zb Y~) c h + --
ih 

X y' 
t 

( 119) ~= 

dx
2 y Fh y F Y' 

W X _]:!__ + l -
b . + 

Y'K yt~K y' 
t t 

The author was not able to solve Equation 119, and so he resorted to a 

numerical method (finite difference) to solve it. 

36. If K approaches infinity, then Equation 119 becomes 

Equation 19. If K = l and y'/y' = 
b t 

1.0 ' then Equation 119 becomes 

Equation 52. If K = 1.0 and y'/y' 
b t 

=1- 1.0 ' then Equation 119 becomes 

Equation 67. 

37. To convert Equation 119 for the numerical method, approximate 

(120) 
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where 

hl = uplift head at the base of the semi pervious top blanket at 
X = (n - l)llx (Figure 2) 

h2 = uplift head .----f the base of the semi pervious top blanket at t_..,:.._, 

x = nllx 

h3 = uplift head at the base of the semi pervious top blanket at 
X = (n + l)llx 

L'lx = increment of horizontal distance 

38. In general, h
1 

.and h
2 

are known for a given safety fac­

tor, etc. Then h
3 

can be solved by using the following expression 

2 2 ( + lo Yb) c L'lx h
2 y' 

h3 2h2 - hl + 
t 

y-wFh2 
y F y' 

+ ~+ 1 b 

ytZbK 
y' y'K t 

t 

39. From EQuation 2, the uplift head at the base of the top 

blanket at the landside seepage berm toe is 

h = 
a 

(121) 

The gradient landward at this location is ·ha/LLS . These are boundary 

conditions that must be considered in applying the numerical method of 

solution. As shown in Figure 3, the initial value of h
1 

is h 
a 

The initial value of h
2 

is 

2 2 I 
c L'lx zb yb 

2y F 
w 

The initial value of h
3

. may then be computed using h 
l al 

and 

EQuation 121. This procedure is used to obtain the next value of 

with becoming h
1 

and h
3

. becoming h2 . The procedure is 
l 

(122) 

and 

repeated across the base of the seepage berm for each increment, L'lx 

At the landside levee toe, another boundary condition must be met. This 

condition, the seepage gradient in the pervious foundation, is expressed 

as 



zb TOP BLANKET 

''f I- 01 02 
PERVIOUS ... ___..,.. 

FOUNDATION 

b.x b.x -
2 2 2 2 

b.x b.x 

Figure 2. Derivation of uplift head at the base of the semipervious 
top blanket at x = (n + l)~x 
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Figure 3. Derivation of initial value of uplift head at the base 
of the semipervious top blanket near berm toe 
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where 

i = (123) 

H = head on the system 

ht = uplift head at the base of the top l1lanket at the landside 
levee toe 

X = effective length of the riverside blanket 

1
2 

= levee base width 

40. The value of H is computed as shown in Figure 4 for each 

new value of h
3 

using the following expression 

( + :R + 12) - (! + 12) 
H = h3 1 ~X h2 ~X 

2 
+ (X + 1 ) c ~x 

- 2 2 y Fh3 y F yb 
w +~+1-

y' 
t 

(124) 

A calculated value of H that is generally l2ss than the given value of 

H indicates that the number of increments, n~x , used is not equal to 

B , the seepage berm width. After a number of steps, a calculated value 

of H that exceeds the given value of H indicates that the sum of 

n~x is larger than B . The values of B and ht are then found by 

interpolation. 

41. The thickness of the seepage berm, 

~x using h
3 

. 

t = 
X 

t 
X 

is calculated for 

(125) 

Using the data as given in the examples presented in Case I (see para­

graph 5) with K = 1.0 , F = 1.0 , and ~x = 10 ft , then 

h = 
a 

1 X 

1 
5 

48 

= 5 = hl. 
l 
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Figure 4. Derivation of head on system for semipervious berm 

49 



= ( 10 ) + 100 X 5 = 
h2. 5 223.6 + l 2 X 50,000 5.228623596 

l 

100 
50,000 (h2 + 5 ) 

h3 = 2h2 - hl + h 2h2 - hl + 0.01 
2 

+ 1 
5 

li = h (1 + 218.5 + 200)- h (218.5 + 200) 
. 3 10 2 10 

218.5 + 200 100 
10 X 2 X 50,000 (h3 + 5 ) 

+ _l_X__;::l:..;:__X_h __ --= _ _..::_:.::....z...::;...::...::.._--"'----- = 42 • 85 h
3 

- 41. 8 5 + 0. 2 092 5 

5 X l 3 
+ (1 X 1) + 1 - (1 X 1) 

Values of t 
X 

N 

-1 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

* 5 = 

H , and 

h3 ' ft 

5.0* 
5.229** 
5.47 
5.72 
5.97 
6.24 
6.52 
6.81 
7.11 
7.42 
7.74 
8.06 
8.40 
8.75 
9.11 
9.48 
9.86 

10.25 
10.65 
11.05 
11.47 
11.96 

hl. 
l 

** 5.229 = h2. 
l 

B are given in the following tabulation. 
X 

t ' ft 
X 

0.00 
0.11 
0.23 
0.36 
0.49 
0.62 
0.76 
0.91 
1. 05 
1.21 
1.37 
1. 53 
1. 70 
1. 88 
2.06 
2.24 
2.43 
2.62 
2.82 
3.03 
3.24 
3.45 

50 

Calculated 
H ft 

15.66 
16.33 
17.01 
17.69 
18.39 
19.10 
19.82 
20.54 
21.28 
22.03 
22.78 
23.55 
24.33 
25.12 
25.91 
26.72 
27.54 
28.36 
29.20 
30.05 

B , ft 
X 

0 
10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 



42. The last increment in the tabulation above is too large; the 

corrected increment, 6 , is 30 - 29.20 X 10 = 9 4 ft 
30.05 - 29.20 . . The berm 

width, B , is 200 + 9.4 = 209.4 r-L The seepage berm thickness, t , 

at the landside levee toe for B is 

9.4 = 
10 

X - 3.24 
3.45 - 3.24 

0.94 X 0.21 + 3.24 = 3.44 ft 

It should be noted that Bx is 20 ft for the initial h
3 

, and 

t = 
X 

h3 - 5 

1 + 1 
2.5 

43. Also, note that for K eQual to or larger than one, the 

theoretical berm thickness at the landside berm toe is zero. For K 

less than one, then the berm thickness at the landside toe is finite. 

44. For K eQual to 10 or larger, the berm length is nearly 

eQual to that for K eQual to infinity. The need to solve EQuation 121 

is academic and is not reQuired for practical design. 

45. The factor of safety, F , in EQuation 105 has been assumed 

to be a constant. However, a safety factor can be used that is a func­

tion of x . A simple linear variation of the safety factor is 

(126) 

where 

F = uplift safety factor at the lands ide seepage berm toe (x 0) 
0 

FB = uplift safety factor at the lands ide levee toe (x = B) 

B length of the seepage berm 

The difference in EQuations 126 and 85 is caused by the different loca­

tion of the x origin. 

46. EQuation 126 can be inserted into EQuation 121. The proce­

dure is to estimate B and then to proceed in a step-by-step manner 
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using ~x as selected. At x equal to B , a determination of H , 

the net head acting upon the system, is made. If the computed H is 

not equal to the actual H , then a new estimate of B is made and a 

new value of H determined. ln general, this new value of H will 

not be equal to the actual value of H , so a new estimate of B is 

made and the procedure reiterated. Usually, two computed values of H 

will permit a close estimation of H and, thus, the needed value of 

B . If required, a plot of B versus H can be made, and the value 

of B for the actual value of H can be determined. Results of such 

a study are shown in Figure 5, where F
0 

= 1.0 and FB = 1.5 for the 

condition that the permeabilities of the seepage berm are equal to or 

larger than that of the top blanket, i.e. K > 1 

Case VIII - General Case 

47. The previously presented cases have either a constant uplift 

safety factor or one that varies in a linear manner. For this case, it 

is assumed that the berm thickness is a function of x . The uplift 

safety factor is dependent upon the assumed berm thickness and, in gen­

eral, it will not be a constant. The basic differential equation is 

based upon Equation 114. 

d
2

h ~ ~X 
- t J r - f(x)] 

X 2 X 
(127) 

d 2 = kfDZb tx~ = c 1 + f(x) 
X 1 + 

~kt ~K 

48. No attempt has been made to solve Equation 125 in a formal 

manner; rather, the numerical method, as presented in Case VII, is used. 

The uplift head, 

computed in steps. 

h , at the base of the semipervious top blanket is 
X 

The uplift safety factor is also computed for each 

step. If kt is less than ~ , the value of· F is found using the 

following expression, which applies only to the seepage berm. The seep­

age gradient up through the effective top blanket is (using Equation 65) 
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K = k/kb 
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Figure 5. Relationship between seepage berm width and ratio of permea­
bility of seepage berm to top blanket for various safety factors 
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i = 
h - t 

__ x'----'x:..::._ = 

t 
X 

h 
X 

t 
X 

- t 
X 

+ ~K 

The sn.f'ety factor against seepage uplift is 

y! 
y' (' + zi) F t t X = --= 

y i yw hx - t w X 

If kt is greater than ~· then 

'~ + 
~Yb) 

yt X y' 
F t = 

yw hx t 
X 

(128) 

(129) 

If the uplift head at the base of the top blanket extends just to the 

upper surface of the seepage berm, then the safety factor is infinite. 

For cases in which the uplift head is below the upper surface of the 

seepage berm, the uplift safety factor is infinite and the basic differ­

ential Equation 127 is no longer valid. The seepage berm then becomes 

uneconomical; its thickness is excessive. In fact, to obtain economy, 

the uplift head at the base of the top blanket should always be above 

the upper surface of the seepage berm except for the exceptional case 

when the berm is constructed of very pervious soil. 

Conclusions 

49. A plot of the variation of the seepage berm width, B , 

various values of the berm top blanket seepage ratio, K , and safety 

factors, F , is presented in Figure 5. It should be noted that B is 

very sensitive to K for values of K less than 1.0 but not sensitive 

to K for values of K greater than 1.0. The curves in Figure 5 show 

the condition that the uplift safety factor varies in a uniform manner. 

For instance, if the uplift safety factor varies from 1.5 at the land­

side levee toe to 1.0 at the landside seepage berm toe, then the berm 

width is only slightly greater than that for a uniform safety factor 
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of 1.0. Of course, near the levee the berm thickness is greater for the 

cn.se where the uplift safety factor varies than that for a uniform con­

dition of the uplift safety factor. Also shmm is a curve where the 

uplift safety factor is infinict:c under the seepage berm but 1.0 at the 

landside berm toe. 'rhis condition exists when the piezometric profile 

for the head at the base of the top blanket coincides with the upper 

surface of the seepage berm. The berm width is the same as that for an 

impervious berm. 

50. It should be noted that if the uplift safety factor is 

greater than 1.0 at the berm toe, then as the top blanket becomes less 

thick, the berm width becomes longer and for thin top blankets the berm 

width becomes extremely long. Thus, for thin top blankets, other means 

of seepage control should be investigated. 

51. The uplift safety factor near the landside levee toe should 

be such that the horizontal stresses in the levee (earth pressures and 

seepage forces) can be transferred into the landside foundation. This 

condition may re~uire the uplift safety factor to vary from a higher 

value at the levee toe to a lesser value at the berm toe. No criteria 

can be given for this condition, but they will be dependent upon sta­

bility studies. 

52. When the seepage berm is impervious, the berm width is a 

maximum. When the seepage berm is infinitely pervious, then the berm 

width is a minimum. Thus, the more seepage permitted up through the 

seepage berm, the shorter the berm may be. Hence, seepage berms should 

be made of the most pervious soils available in the interest of economy. 

53. Most of the cases studied in this report have a seepage berm 

that is concaved upward. It may appear that such a berm could be more 

difficult to construct, so a berm having a uniform slope from the levee 

to the berm toe should be used. If both berms have common points at the 

levee and berm toe, then the uniform sloping berm will contain more 

material than the concave berm. Thus, the seepage up through the uni­

form sloping berm will be less than that for the concave berm. Also, 

the uplift under the berm and the top blanket will be greater and the 

safety factors will be less than those for the concave berm; hence, 
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a concave berm is the most effective and economical. 

54. Because of the great difficulty in determining the permea­
bility of the foundation, the semipervious top blanket, and the seepage 
berm, the equations presented should be used only as a guide to good 

judgement. In all studies, a range of permeability values should be 
used and not average values. In all cases, the uplift safety factor 

at the landside levee toe should be greater than 1.0. However, the 
uplift safety factor at the landside seepage berm toe may be 1.0 or 
greater. 

55. The design of a seepage berm using the criteria of the seep­

age safety factor greater than 1.0 can result in berms of excessive 
lengths. For practical cases, it may be better to use a berm with a 
proper uplift safety factor at the landside levee toe and a length, B , 
such that the uplift safety factor at the landside berm toe is 1.0 or 
less. This could result in landside seepage boils, but the possibility 
of these boils endangering the levee would be minimal provided the berm 
length is a reasonable value. The design of the berm should consider 
the pipeability of the foundation and top blanket soils. Furthermore, 
the berm design is probably more dependent upon sound engineering judge­
ment than upon mathematical theory. 

56. A summary of the cases and the applicable permeability 

coefficients are given in Figure 6. 
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Figure 6. Summary of relationships between seepage berm and 
top blanket permeabilities investigated 
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Appendix A: Notation 

Constant 

Width of the seepage berm from the landside levee toe to the: 
landside berm toe 

Constant 

(k /k DZ )1 / 2 
-0 f b 

Constant 

Constant 

Constant 

'rhickness of the pervious foundation 

Constant 

Uplift safety factor of the top blanket or the seepage berm 
(Ft) or the combination of both (F t+b) 

Uplift safety factor at the landside levee toe 

Safety factor at point X 

Uplift safety factor at the lands ide berm toe 

Allowable seepage uplift head at the landside seepage berm 
toe (The head is at the base of the top blanket but measured 
upward from the upper surface of the top blanket.) 

Seepage uplift head at the base of the top blanket under the 
landside levee toe 

Seepage uplift head at point x from the coordinate origin. 
The head is at the base of the top blanket but measured up­
ward from the upper surface of the top blanket 

Uplift head at the base of the semipervious top blanket at 
x = (n - l)6x , x = n6x , and (n + l)6x , respectively 

Difference in the hydraulic head between the river flood 
level and the landside upper surface of the natural top 
blanket (or landside pool, if such exists) 

Seepage gradient 

Al 



t 

Vertical permeability coefficient of the top blanket 

Horizontal permeability coefficient of the pervious 
foundatio;, 

Vertical permeabilj+y coefficient of the seepage berm 

Ratio of the seepage berm permeability to that of the top 
blanket = kt/~ 

Length of the riverside top blanket measured from the river­
bank to the riverside levee toe 

Base width of the levee 

Effective length of the landside top blanket measured land­
ward from the landside seepage berm toe (If the length of 
the landside top blanket is infinite, then LLS = 1/c . For 
Case II, LLS is measured from the landside levee toe.) 

Maximum thickness of the seepage berm located at the land­
side levee toe 

t Thickness of the seepage berm at point x 
X 

x Horizontal distance measured landward from downstream toe 
of the levee or dam 

X Effective length of the riverside top blanket; 
tanh (cL

1
) 

X= ____ _;..;.._ 
c 

Zb Thickness of the natural top blanket 

yb Buoyant unit weight of the top blanket 

y' Moist unit weight of the seepage berm 
m 

yt Buoyant unit weight of the seepage berm 

yw Unit weight of water 

6x Increment of horizontal distance 

1 
-arc tan 
1T 

8 Constant 

<P Variable 

1 

VK 

A2 
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MATHEMATICAL ANALYSES OF LANDSIDE SEEPAGE BERMS 

SEEPAGE BERM WITH CONSTANT SLOPE OF 

UPPER SURFACE 

Introduction 

1. This report is Supplement No, 1 to Technical Report REMR-GT~l. 

The mathematical solution for the case of a landside seepage berm with a 

constant slope of its upper surface is presented. Examples are included 

in this supplement to illustrate the procedure. 

Assumptions 

2. The assumptions are those of the main report. 

Case IX - Berm with Constant Outer Slope 

General solution A 

3. This is a special case of Case VIII - General Case presented 

in Technical Report REMR-GT-1, "Mathematical Analyses of Landside Seepage 

Berms," hereafter referred to as the main report. The coordinate origin 

is located at the landside berm toe and the horizontal distance measured 

landward from the downstream toe of the levee or dam x * is positive 

to riverward. A typical section of the geotechnical conditions is 

given in Figure 1 of this supplement. The riverside and landside semi­

pervious top blankets are transformed to effective lengths, K and 

LLS , respectively. The top blankets of the transformed section are 

assumed to be impervious. The length of top blanket beneath the berm 

is not transformed. The landside effective length, LLS , is 

1 
c 

and the riverside effective length, X , is 

c 

* Symbols are listed and defined in the Notation (Appendix A). 

1-3 

(1) 

(2) 
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where 

and 

D 

c 

the horizontal coefficient of permeability of the pervious 

foundation 

the semipervious top blanket's thickness 

the pervious foundation thickness 

(3) 

the vertical coefficient of permeability of the semipervious 

top blanket 

L = the distance from the riverside levee toe to the riverbank 
1 

The cross section of the transformed conditions is shown in Figure 2. 

4. The thickness of the seepage berm t 
X 

at a distance X from 

the landside berm toe is 

where 

t 

t 
X 

x(t - b) + b 
B 

the thickness of the berm at the landside levee toe (x 

b the thickness of the berm at the landside toe (x = 0) 

(4) 

B) 

B the width of the seepage berm (the distance from the landside 

berm toe to the landside levee toe) 

5. The seepage uplift safety factor (hereafter referred to as the 

safety factor) will vary from F
0 

at the berm toe to FB at the land­

side levee toe. The variation of the safety factor will be dependent 

upon the geotechnical conditions and net head at the site. The safety 

factor F 
0 

where 

y' 
b 

h 
a 

for the top blanket (at x = 0) is 

F = (zb Yb) 
0 h y 

a w 

the buoyant unit weight of the top blanket 

(5) 

the allowable seepage uplift head at the base of the top 

blanket, at the berm toe, measured upward from the top of the 

landside tailwater considered to be the upper surface of the 

top blanket 

the unit weight of water 
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Rearranging Equation 5 gives 

h 
a 

(6) 

The need for a landside berm toe of thickness b results from the as­

sumption that the horizontal permeabilities of both the berm and the top 

blanket are zero. As noted in paragraph 24 (pp 27-28) of the main re­

port, the top blanket thickness Zb may be transformed to an effective 

thickness Z' 
b 

so that seepage up through the top blanket will have the 

same permeability as the berm kt 

Z' 
Zbkt 

ZbK b 
kb 

where the permeability ratio is 

k 
K = __!_ 

kb 

The upward seepage gradient i in the berm toe is 

h - b h - b 
i 

a a 

b + z' 
b b + ZbK 

The seepage uplift safety factor F at the berm 

F 
0 

0 

(b + ZbK)y ~ 

(h - b)y 
a w 

where y' 
t 

equals the buoyant unit weight of berm. 

tion 10 gives 

b 
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(7) 

(8) 

(9) 

toe for the berm is 

(10) 

Rearranging Equa-

(11) 



When the ratio of unit weight y '/y I 

b t 
then the berm toe thickness b is zero. 

is equal to or less than K 

6. The second order differential equation relating the change in 

the pervious foundation seepage with the upward seepage through Lhe top 

blanket a·d the berm is 

k (h - t ) 
t X 

(12) 

where h equals the seepage uplift head (at point x) at the base of 

the top blanket but measured upward from the upper surface of the top 

blanket. Dividing both sides of Equation 12 by kfD gives 

- 2 
d

2
h 

k (h - t ) kb Kc (h - t ) 
t X X 

dx
2 

kfD(ZbK + t) kb t 
K+~ 

zb 

Now set 

h h - (t b) 
X 

b - t - y 
X B 

and differentiate y in respect to X 

dh t - b dy 
dx B dx 

and again: 

d
2

h d2y 
-- = 
dx 

2 
dx 

2 

Also set 

where s equals a variable. Differentiate s with respect to x , 

which gives 

1-8 

(13) 

(14) 

(15) 

(16) 

(17) 



and 

Substituting Equations 14, 16, and 19 into Equation 13 produces 

where 

and 

_ (ZbBc )
2 

_ 
1jJ - t - b K 

7. The solution of Equation 20 is 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

The functions 1
0

( ) , 1
1 

( ) , K
0

( ) , and K
1 

( ) are modified Bessel 

functions of the first and second kinds of order zero and one, respec­

tively. Tabulations of these functions are included in H. B. Dwight.* 

The coefficients c1 and c2 are determined using the boundary condi­

tions at the berm toe (x = 0): 

h dh 
dx h c 

a 
y h - b 

a 

* H. B. Dwight. 1961. "Mathematical Tables," Dover Publishing Company, 
New York, pp 184-193. Bessel functions are also discussed in Appen­
dix B of this supplement. 
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Now 

Set 

and 

and also 

where 

a variable 

a constant 

w a constant 
0 

2~= w 
X 

w 
0 

Then at the berm toe (x 0), Equations 22 and 23 may be written as 

y h - b 
a 

Solving the simultaneous Equations 28 and 29 and noting that 

1 
X 

1-10 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 



gives 

(h - b) K (w ) + [(ha t - b) /r + b-] Kl (w o) a o o Be 
\J ZbK 

(31) 

(h -b) I (w) - [(h t - b) Jr + z:K }r (wo) a o o a Be 
(32) 

8. At the landside levee toe, X = B ' h = h 
t 

y h - t 
t ' 

~ _ ~ dx _ (dh _ t - b) ZbB 
d~ - dx d~ - dx B t - b 

and 

At the landside levee toe (x B) 

dh H - h 
- = =----=-t 
dx X + L2 

Equations 22 and 23 become (x = B) 

and 

After an algebraic operation, Equation 36 becomes 

2-
b 2ZbBe K 

+ ------rc 1 (w ) -
t - ]l L 1 0 B 

1-11 

(33) 

(34) 

(35) 

(36) 

l 
C2Ko (luB)] f (3 7) 

I 



The value of ~ is given by Equation 21. 

9. One must assume values of the berm width B and thickness t 

at the landside levee toe. Using Equation 35 and 37 values of H , the 

net !1ead in the system is calculated. This calculated value of H will 

generally not agree with the design value. In addition the calculated 

safety factor FB at the landside levee toe will generally not be equal 

to the design assumption. A systematic method is to assume a value of 

B and various values of t • Then calculate H and FB • A curve is 

then drawn on a plot of H versus FB for the selected B value and 

the value of F 
B 

is found for H calculated equal to the design H . 
A curve of H versus t is also drawn and the value of t picked off 

for the design head H . The value of FB will not be equal to the 

design value, so other values of B and t are selected and the proce-

dure repeated. Then the values of and t for the design head H are 

plotted against B and the values of B and t for the design value of 

H and found. In some cases simple interpolation may be sufficient. 

The safety factor at point X F , is dependent upon the 
X 

geotechnical and geometrical properties of the berm and foundation. 

The expression for the safety factor for the combined berm and top 

blanket is 

F (combined) 
X 

z y' + t y' 
b b X t 

(h - t )y 
X W 

The safety factor for the berm only is 

F (berm) 
X 

(ZbK + t) y~ 
(h - t) yw 

(38) 

(39) 

The lower safety factor should govern. As noted on page 35 of the main 

report, if 

then 
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> 
F (berm) < F (combined) 

X X 

Eq~atinns 35 and 37 may be used to obtain the solutions for the _i~iting 

cases when K = 0 and K approaches infinity. A more direct approach 

will be used and the basic differential equation (Equation 13) will be 

modified for these two limits. 

Solution B, K = 0 

11. Equation 13 becomes 

Th£ solution is 

At the berm toe, x 0 ' h 

d
2

h 
0 --= 

dx 
2 

h c3x + c4 

ha = c4 ' and dh/dx 

h = h (xc + 1) 
a 

h c 
a 

At the landside levee toe, x 

(K + 12) . Using Equation 42 

B , h ht and dh/dx 

and so 

B 
H 

h c 
a 

dh 
dx 

1 
c 

h c 
a 

x- 1 - 2 

h (Be + 1) 
a 

H - h (Be + 1) 
a 

(40) 

(41) 

c3 so that 

(42) 

(43) 

(44) 

(45) 

which is also Equation 5 of the main report. No further discussion of 

this case will be given. 
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Solution C, K approaches infinity 

12. It is considered that the horizontal permeability of the berm 

is zero. Thus the berm produces a head equal to t , whicl1 is a back 
X 

pressure which reduces the upward seepage through the top blanket. 

Equation 13 becomes 

2 
c (h - t ) 

X 

Because the berm thickness b at the land toe of the berm is zero, 

Equation 4 becomes 

Set 

h - t 
X 

t 
X 

xt 
B 

h _ xt 
B 

y 

so that Equation 46 becomes 

The solution is 

h - h -y t 
X 

At X 0 (berm toe), h h 
a 

h 

and 

dh t -
dx B 

so that 

a 

xt 
B 

and 

2 
c y 

c5e 
ex 

dh/dx 

+ c6e 
-ex 

h c 
a 

c5 + c6 

dy 
c c5 - c c6 dx 

1-14 

Therefore, 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 



h 
t 

c5 c6 (53) -
a Be 

s~· iving for c5 and c6 results in 

c5 h 
t 

(54) --
a 2Be 

c6 
t (55) 

2Be 

Thus, Equation 50 may be written as 

h xt + h e 
ex 

B a 

At the landside 

and thus 

H 

t ex + _t_ -ex 
2Be e e 

2Be 

levee toe, 

dh 
H -

dx X + 

t + h eBc 
a 

X = B and 

ht 
.!_+ h c 

12 B a 

ex t xt + h e --
B a 

t 
sinh (Be) 

Be 

Be 
sinh 

Be t 
e - B cosh (Be) 

(ex) (56) 

(57) 

(58) 

(59) 

The uplift safety factor for the combined berm and top blanket at point 

x is given by Equation 38. At the landside levee toe (x = B) 

Setting ht - t 

value of t is 

z y' + ty' 
b b t F = ~--=---:---'--

B (ht - t)yw 
(60) 

0 , FB approaches infinity and the maximum required 

t(maximum) 

1-15 

h Be eBc 
a 

-----
sinh(Be) (61) 



If t is larger than that given by Equation 61, the piezometric profile 

will lie partly below the upper surface of the berm and the solution 

developed above will not apply. 

Examples 

13. Two cases are presented below--the first for K = oo and the 

second for K = 0.5 . The same data are used as given in the main 

report and are repeated below: 

H = 30 ft , Zb = 5 ft , D so ft 

kf/\ = 200 L2 200 ft 

L
1 

= 500 ft y' y' = yw ' FB F 1.5 
' 

F :/: 1. 5 b t 0 X 

1 1 
c = 

223.6 ft hoo x 5 X 50 

LLS 
1 223.6 ft 
c 

K 223.6 ft ( 500 ) tanh 223.6 = 218.5 ft 

h 
Zbyb 5 X 62.4 10 

=--= =- ft 
a Fo Yw 1.5 X 62,4 3 

Condition A, K arrroaches infinity 

14. Use Equations 57, 59, and 60. The uplift safety factor at 

the landside levee toe is 

z y' + ty' 
5 + t 

FB 
b b t 

(h - t)y h - t t w t 

h t + 10 Be t sinh (Be) e t 3 Be 

H ht + 418. s(-;0 
x 

1 Be t 
cosh (Bc)J e -

223.6 B 
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Use a hand-held programmable calculator. The following tabulation 

B set at 320 ft: 

t ' ft H , ft, cal. FB 

5.00 30.238 1. 418 

5.10 30.042 1. 460 

5.20 29.845 1. 505 

5.15 29.944 1. 482 

5.18 29.885 1. 496 

5.19 29.865 1. 500 

This tabulation is for B set at 325 ft: 

t 
' 

ft H ' ft, cal. FB 

5.20 30.510 1. 452 

5.30 30.310 1. 496 

5.40 30.109 1. 541 

5.35 30.209 1. 518 

5.33 30.249 1. 509 

5.32 30.269 1. 505 

5.31 30.289 1.500 

By linear interpolation, 

B - 320 
325 - 320 

30.000 - 29.865 
30.289 - 29.865 

B 321.6 ft , say 322ft 

t - 5.19 
5.31- 5.19 

321.6- 320.0 
325.0 - 320.0 

t = 5.23 ft 

ht ' 
ft 

12.054 

12.017 

11.979 

11.998 

11.986 

11.983 

12.226 

12.187 

12.183 

is 

Check for B = 321.6 ft , t = 5.23 ft H = 30.0 ft , FB = 1.501 , 

and ht 

uplift 

12.046 ft. The variation of uplift safety factor F and 
X 

h , using the data derived above and 
X 

using Equations 38 and 

56 are as tabulated on the following page: 

1-17 
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ft 
F (combined) t 

' 
ft 

X ~ X X 

0 l. 50 0.00 

so l. 7ii 0.81 

100 l. 88 l. 63 

150 l. 91 2.44 

200 l. 85 3.25 

250 1.73 4.07 

300 l. 58 4.88 

321.6 l. 50 5.23 

15. The main report presents an analytical method for determining 

the dimensions and uplift safety factors for a berm having an infinite 

vertical permeability coefficient and a horizontal permeability coeffi­

cient equal to zero. The equations are given on pages 14 to 23 of the 

F F 
0 X 

FB = l. 50 . The berm width is 304 ft and t main report for 

is 5.03 ft. The volume of the berm per station is 2347 cu yd. The vol-

ume of the berm having a constant outer slope with B = 321.6 ft and 

t = 5.23 ft , b = 0 is 3115 cu yd per station. Thus, the volume of 

the latter berm is 32.7 percent larger than that for the former berm. 

Condition B, K = 0.5 

16. Using Equation 11 

b 

Using Equations 31 and 32 

5(1 - 0.5) 
1 + l. 5 

l. 0 ft 

The value of w is obtaine~ using Equations 17, 21 and 26. 
0 
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w 
0 

2ZbBcK J1 + b_ ~ 2 x 5 x B x 0.5 /1 1 

t - b z K (t - l)/5o,ooo ~ + 5 x 0 · 5 
h 

B/3.5 
(t - l)/5,ooo 

w s found using Equation 33: 
B 

w 2ZbBcK Jl + t_c ~ Blz.5 + t 

B t - b z K (t - l)/5ooo 
b 

Equations 35 and 37 are used to calculate ht and H . With B set at 

575 ft, the following results are tabulated: 

Find 

Item t = 8.0 ft t = 8.5 ft t = 9.0 ft 

w (at x 
0 

Ko (wo) 

Kl (wo) 

Io (wo) 

11 (w o) 

w (at x 
B 

1;;1 (wB) 

Kl (wB) 

I (w ) 
o B 

K (w ) 
o B 

ht (ft) 

H (ft) 

0) 2.173296 

0.09220 

0.1116 

2.5787 

l. 5677 

B) 3. 764259 

7.881 

0.01637 

9.231 

0.01454 

F (at x = B) 
B 

17.064 

31. 313 

1.158 

2.028409 

0.1100 

0.1329 

2.3254 

1. 6333 

3.595985 

6.768 

0.01989 

8.000 

0.01758 

16.670 

30.140 

l. 346 

1.901634 

0.1285 

0.1593 

2.1301 

l. 4505 

3.447004 

5.916 

0.02366 

7. 0571 

0.02081 

16.343 

29.132 

1.566 

F and t 
B 

for H 30.0 by interpolation as follows: 

F - 1.346 
B 

l. 566 - l. 346 
30.140- 30.000 
30.140- 29.132 ' 

F '' 1. 38 
B 

() '\() f t 

t - 8.5 
9. 5 - . 5 

30.140 - 30.000 
30.140 - 29.132 

t = 8.57 ft 

)CJ.O ft 

.!. - I 9 

F 
-B 2cUL7 ;lJld 



t = 11.24 ft . At B = 590 ft for H = 30.0 ft the results were 

FB = 1.500 and t = 9.13 ft . Using Equation 39, find the uplift safety 

factor for the berm only at selected values of x when B = 590 ft and 

t = 9.13 ft . To find w use Equations 17 and 21 as follows: 
X 

w 
X 

1 + (t - b)x + __ b __ 

ZbBK ZbK 

10 X 590 X 0.5 

(9.13 - 1)150,000 

/ + (Yl3 - l)x 1 
~l 5 X 590 X 0.5 + 5 X 0.5 

1.6227311.4 + 0.005512x 

Use Equation 22 to find h as follows: 

Use Equation 26 to find w 
0 

at X = 0 

w 
0 

~ = 2 X 5 X 590 X 0.5 

~ zbl.Z (9.13- l)/5o,ooo 
~1 l 

+ 5 X 0.5 

Use Equations 31 and 32 to find c
1 

and c
2 

as shown below: 

1. 9200 

c
1 

= (10
3 

_ 1) K (1. 92 ) + f,(1o _ 8.1315o,ooo) /1 + 1 J K (l 92 ) 
0 ~ 3 590 ~ 5 X 0.5 l • 

~ X 0.1257 + 0.298408 X 0.1555 0.3397 
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~ X 2.157 - 0.298408 X 1.476 4.5925 

Use Equation 39 to find the uplift safety factor for the berm only at 

x as follows: 

(ZbK + t )y' 
1 

2.5 + t 5 X-+ t 
F X t 2 X X 

X (h - t )y h - t h - t 
X W X X 

Using the above equation, the following values may be derived: 

ft t 
X ' 

ft w r1 Cw) Kl (wx) h 
F 

X ' X X 

0 1.00 1. 9200 1. 4 7 58 0.1555 3.33 1. 50 

100 2.38 2.2667 2.0349 0.09908 4.98 1. 88 

200 3. 76 2.5670 2.6743 0.06800 6.89 2.00 

300 5.13 2.8356 3.4088 0.04895 9.05 1. 95 

400 6.51 3.0809 4.2524 0.03645 11.48 1. 81 

500 7.89 3.3081 5.2189 0.02785 14.18 1. 65 

590 9.13 3.5000 6.2058 0.02224 16.87 1. 50 

Discussion 

17. A mathematical solution for the seepage up through a land­

side berm is presented for a berm having a constant outer slope. The 

equations are explicit for the determination of the uplift head at the 

base of the top blanket, the calculated head H on the system, and the 

safety factor against uplift. It is desired to determine the berm width 

B and the berm thickness t at the landside levee toe. The equations 

are implicit for B and t and the solution must be obtained by trial. 

18. The required dimensions of the berm are sensitive to the 

permeability rates as indicated by the curve of Figure 3 for conditions 
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where K is less than one. This sensitivity is rather minor when K 

is greater than one. As shown on Figure 3, the constant slope berm re-

quires more fill for the same uplift safe: factor at the berm toe and 

land~:::.de levee toe than d t>L·rm having a constant safety factor. The 

uplift safety factors at points between the landside levee toe and the 

berm toe for the constant slope berm are larger than those at the berm 

toe and levee toe. This is a result of LillO> extra material rey.uired for 

this type of berm as compared to one with a constant safety factor. 

Thus, the constant slope berm is more costly than the berm with a con­

stant safety factor. The variation of the volume of fill per station 

of a berm having a constant outer slope as compared with a berm having 

a constant uplift safety factor is shown in Figure 4. The variation of 

the berm width and thickness at the landside levee toe is also shown 

in Figure 4. Two examples are given--one where K is infinite and the 

other with K equal to 0.5. 

Conclusions 

19. The following conclusions are made: 

a. 

b. 

c. 

This analysis demonstrates that a berm having a constant 
outer slope requires more fill and therefore is more ex­
pensive than a berm having a constant uplift safety fac­
tor equal in value to the design value of the constant 

slope berm. 

The analysis also indicates, as shown in Figure 3, that 
the volume of a seep~ge berm is very sensitive to the 
permeability ratio K when the ratio is less than one. 
Thus the most pervious fill available should be used for 

the berm. 

The conclusions of the main report remain unchanged. 
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K 

Appendix A: Notation 

Thickness of berm at the landside toe 

Seepnge berm width from the landside levee toe 
to the landside berm toe 

Constants 

Pervious foundation thickness 

2. 71828 

Uplift safety factor at landside levee toe 

Uplift safety factor at landside berm toe 

Uplift safety factor at point x 

Seepage uplift head at base of top blanket at 
point x, referenced to top of top blanket 

Allowable seepage uplift head at the landside 
berm toe (measured at base of top blanket 
referenced to top of top blanket) 

Net hydraulic head between river flood level 
and the landside upper surface of the top 
blanket 

Seepage gradient 

Modified Bessel function, first kind, zero order 

Modified Bessel function, first kind, first 
order 

Vertical permeability coefficient of top 
blanket 

Horizontal coefficient of permeability of the 
previous foundation 

Vertical permeability coefficient of berm 

Permeability ratio of berm to top blanket, 

equals kt/\ 
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K ( Modified Bessel function, second kind, zero 
order 

0 

n 

n! 

t 

t 
X 

X 

y 

Y' 
b 

Y' 
t 

y 
w 

Modified Bessel function, se::ond kind, first 
order 

Width of riv~rside top blanket measured from 
rbrerside levee toe to riverbank 

Base width of levee 

Effective length of landside top blanket mea­
sured landward from berm toe 

An integer which takes all values from one to 
infinity (see Appendix B of this supplement) 

Factorial number equal to 1 x 2 x 3 x 4 
X 5 ... X n 

Maximum berm thickness at landside levee toe 

Berm thickness at point x 

Horizontal distance riverward of landside berm 
toe; may also be a mathematical variable (see 
Appendix B) 

Effective length of ~iverside top blanket 

Piezometric head above top of seepage berm 

Thickness of top blanket 

Buoyant unit weight of top blanket 

Buoyant unit weight of berm 

Unit weight of water 

Equal to 1/n (arctan 11'\[K') 

~ A variable (see Equation 17) 

;; Summation sign 

A constant (sec i ion 21) 

B 
A c "'':tant: (see Equat inn ?l) 

1~··2.h 



w A constant (see Equation 26) 
0 

w A variable (see Equation 25) 
X 

n A constant, roun~ed to 3.1416 
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Appendix B: Bessel Functions 

The modified Bessel function can be expressed in terms of the in­

finite series given below. These can .._c programmed on hand calculators: 

K (x) 
0 

where 

x [1 + n~ oo (Z/2)2n ] 11 (x) 2 ~ n!(n + 1)! 
n = 1 

~(1) + ~(2) 

~(n + 1) + ~(n + 2) 

y 

1 1 
+ 2 + 3 ... 

(n!) 2 

()() 

~en + 1) + ~en + 2D 
1 

-2Y + 1 -0.154431 

n 

-2Y + n ! 1 + 2 2 ! 
1 

o. 577216 
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MATHEMATICAL ANALYSES OF LANDSIDE SEEPAGE BERMS 

RIVERSIDE SEEPAGE BERMS 

Introduction 

1. This report is Supplement No. 2 to Technical Report: RE:MR-GT-1 

(referred to as the main report). This report is concerned with riverside 

seepage berms. \fuile the main report is concerned with lands ide berms, this 

report supplements the main report so that information on mathematical analy-

f' ses o __ seepage berms may be combined under one cover, and is a condensation 

of a report completed under Purchase Order DACW39-75-M-4085, US Army 

Engineer Waterways Experiment Station, dated June 1975. 

Assumptions 

2. The assumptions are those of the main report. 

Case X, natural riverside blanket 

3. A sketch of the case is shown in Figure 1. The far riverside 

top blanket is assumed to be impervious. This is a result of a trans­

formation of conditions riverside of x = L
1 

. If there are complex 

conditions, each zone is transformed and an effective length R 
0 

found. 

For each step, a new R 
0 

is determined and that shown in Figure 1 is the 

last step prior to finding 

4. The head loss through the riverside top blanket S is related 

to seepage through the pervious foundation: 

(1) 

Dividing both sides of Equation 1 by kfD gives 

d
2

S kb 
s c

2s ----

dx
2 kfDZb 

(2) 
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where 

2 
c 

The solution of Equation 2 is 

At X 

Also 

at x 

s 

1
1 

the boundary conditions are 

0 ' s 

dS 
dx 

s 

thus, 

s 
0 

s 
0 

R 
0 

C = ~(1 - ~)e -eLl 
1 2 cR 

0 

and by algebraic manipulation, 

and 
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(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 



dS 
dx -cS

0 
{sinh [c(L - x)J + c~o cosh [c(L - x)J} (10) 

at x = 0 dS/dx -St/x
1 

. The effective length of the 

entire riverside system is 

-s 
t 

xl = d8 
dx 

If R 0 
0 

If R -+ oo 
0 

1 
c tanh(cL

1
. 

If R 1/ c 
0 

xl 
1 
c 

For example: 

kf 
200 zb = 5 ft, D = so ft, ~ = 

R 223.6 ft, 
1 

ft c = 223.6 0 

( 
~~;· ~ + tanh 2 ;~~ 6 ) 

223 · 6 l23.6 500 -
1 + 223.6 tanh 223.6 

Case XI, constructed 
berm of uniform thickness 

11 500 ft, 

223.6 ft 

(lla) 

(llb) 

(llc) 

(lld) 

5. This berm is constructed over a natural blanket, as shown 

in Figure 2. The conditions riverside of 1
1 

have been reduced to an 
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effective length of impervious blanket of length 

the natural top blanket is converted to Z I 
b 

R 
0 

The thickness of 

so that the constructed 

herm permeability kt may be used for bnth the berm and the transformed 

top ~ : anket thickness: 

Equation 2 for this case is 

where 

z' 
b 

(12) 

(13) 

(14) 

The solution for Equation 13 using the results of the previous case, is 

s = S0 {cosh [e(L1 - x)J + eio sinh [e(L1 - x)J} (15) 

(16a) 

0, K=O, 8 0 

(16b) 

(16c) 

If z = 
B 

0 8 c and Equation 16a becomes Equation lla. For example: 

kf 
200 

kt 1 5 ft, 50 ft, K ' zb = D = 
kb ~ 10 

1 
Ll = 500 ft, R 223.6 ft, 223.6 ft, z = 5.5 ft, 

0 c B 
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8 
c 

~ 
~L'-;:i 

223.6 ~1 
1 

5,5 X 10 
+ 5 

( 

223.6 +tanh~ ) 
774.6 774.6 77~0~ 

223.6 
1 + 774.6 tanh 774.6 

Case XII, constructed trapezoidal berm 

1 
774.6 ft 

570.4 ft 

6. This berm is constructed over a natural top blanket, as shown 

in Figure 3. The natural top blanket riverside of X = L 
1 

has been 

reduced to an effective length R of an impervious top blanket. The 
0 

thickness t of the trapezoidal blanket at point x is 
X 

t = t - [t - b1 ~ (17) 
x :.1 Ll 

The basic second-order differential equation for this case is 

where 

t the berm 

b the berm 

s 
kfD [t - (t - b) ~ + 

Ll 

t (t - b)x + K 
zb ZbLl 

y 

thickness at X = 0 (riverside 

thickness at X Ll (riverside 

Differentiate Equation 19 to obtain 
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levee toe) 

berm toe) 

(18) 

(19) 



dx 

so that Equation 18 becomes 

where 

2 

d2S =(ZbLl c)K ~ ~ 
dy2 t - b y y 

The solution of Equation 20a is 

s 

(20a) 

(20b) 

(21) 

where r
1 

( ) and K
1 

( ) are modified Bessel functions of the first and 

second kind of order one and 

w 
X 

t (t - b)x + 1 

ZbK ZbLlK 

2 
dS wx 
- = - rc

1
r (w ) - c

2
K (w >] dy 2y L . 0 X 0 X 

where I ( ) and K ( ) are modified Bessel functions of the first 
0 0 

(22) 

(23) 

and second kind of zero order. The values of c
1 

and c
2 

are deter-

mined by the boundary conditions at x = L
1 

, where S 

dS/dx -s /R 
0 0 

K (w ) + 
0 0 
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S and 
0 

(24) 



s 
0 

I (w ) 
0 0 

w 
0 
~ 
~ ZbK 

The effective length x
1 

of the entire riverside top blanket, con­

structed blanket, and pervious foundation is 

where 

If the natural top blanket is missing and b = 0 , then 

Example: 

kt 1 
\ = 10 

b 1 ft, 

kb 1 
kf 200 , zb = s ft, 

t = 10 ft, 11 = 500 ft, 

D = 50 ft 

1 
R 223.6 ft 

0 c 

Find x1 
the effective length of the riverside system: 
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(25) 

(26) 

(27) 

(28) 

(29) 



The 

R 
0 

w 
0 

2 z~.1 cK /
1 

+ t = 
t - b 

\ ZbK 
' 

2 X 5 X 500 r-10 
(10- 1)223.6 X 10 ~l + -s = 0 · 430344 

2 X 5 X 500 r. 100 
(10 ::·-i) 223 • 6 X 10 ~ 1 + -5 = 1.138585 

required modified Bessel functions are: 

I (w ) 1. 0469 
0 0 

Il (wo) 0.2202 

K (w ) 1. 0511 
0 0 

Kl (wo) 1.9528 

C2 Io(wo) - /:3 Il (wo) 
-- = ------------------
cl K

0
(w

0
) + /3 K

1 
(w

0
) 

1/c , therefore R c 
0 

1 

I (w ) 
0 t 1. 3514 

Il (wt) 0.6666 

K (w ) 
0 t 0. 3466 

Kl (wt) 0.4790 

0.150109 

I 10 X 10 [0.6666 + 0.1501 X 0.4790] 223 •6 ~ 1 + 5 1.3514- 0.1501 X 0.3466 = 
582 •4 ft 

Case XIII, constructed 
berm having a constant gradien~ 

7. A sketch for this case is shown in Figure 4. The basic second 

order differential equation is 
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(30) 

where i , the constant seepage gradient ln the combined top blanket and 

berm, is 

i 
s 

The solution of Equation 30 is 

s 

At x = 1
1 

the boundary conditions are 

s 

The values of cl and c2 are 

cl 

c2 s 

s 
0 

dS 
dx 

s 
0 

R 
0 

based upon these 

(::+ iktLl) 
kfD 

S
0

1 1 ikt1~ 
+--+--

0 R
0 

2kfD 

conditions: 

ikt 2 s 
S - -- (1

1 
- X) + _5:._ (1

1 
- x + R

0
) 

2kfD R
0 

At X 0 , the boundary conditions are: 

s 

so that 
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(31) 

(32) 

(33) 

(34) 

(35) 



At X 

[ ik L
2 s 

+ Ro)] t +~ (11 -s - 2kfD R 

xl 
t 0 = -- = 

dS r ikt11 s 
+ Ro)] dx 

0 
(11 -· l +-L 2kfD R 

0 

11 the gradient i through the berm and blanket is 

i 
s 

0 

Inserting Equation 37 into Equation 36 results in 

If R 
0 

0 then it can be shown that the effective length is 

As an example: 

Set 

R 
0 

the 

t 
X 

5 ft, 

223.6 ft 
c 

cross-sectional area of the berm to 

2-
(1 -c Kz 

- x)
2 + (b + ZbK) 

b 
(11 

1 
2 R 

0 
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D 50 ft, 

500[(1 + 10)/2] 

x) 
+ b 

(36) 

(37) 

(38) 

(39) 

500 ft 

2750 ft 2• 



t 

b 

t 

b 

2AR 
0 

L, (1
1 

+ 2R ) 
.L 0 

1 1 
50,000 

X- X 
10 

2.29 ft, t 

L:bKLl 
----
Ll + 2R

0 

2 X 500
2 + (b + 2_) 500 + b 

2 10 223.6 

9.79 ft 

[
500 + (2.29 + 5 X 0,1) 50,000 ( 500 + l)] 

2 5 X 500 X l_ 223 • 6 
10 

[

l + (2.29 x 5 x
1
0.l) 50,000] 

5 X 500 X lOX 223.6 

x
1 

= 588.1 ft 

Case XIV, step approximation 

3.236lb + 2.36807 

8. The sketch for this case is shown in Figure 5, where the con­

structed berm has a complex cross-section. The cross-section is approxi­

mated by steps and risers which may or may not be equal in length or in 

riser increments. A solution is obtained for the effective length x
1 

for the first step on the far riverside using R 
0 

and Equation 16a. 

The procedure is repeated for the next step using x
1 

found for R
0 

This procedure is repeated until and a new value of is obtained. 

xl for the entire system is found. 

9. As an example, use the same data given for the trapezoidal 

berm example. The term "M" indicates the number of steps used and L
1

/M 

indicates the length of each individual step. When M is 1, then the 

approximated step is that of a berm of uniform thickness: 
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M 
1

1
/M, ft xl' ft 

1 500 570.426 

5 100 581.931 

10 50 581.94 7 

25 20 581. 51+8 

50 10 581.324 

100 5 581.192 

The decrease in the effective length x
1 

after M = 10 may be the re­

sult of truncation of figures in the hand calculator used in the computa­

tion. The results for M = 10 are very close to that developed in the 

example for the trapezoidal berm where x
1 

= 582.4 ft. 

Discussion 

10. Mathematical solutions have been presented for various types 

of upstream berms and natural blankets. The solution given for a nat­

ural blanket permits the calculation for the effective length of the up­

stream system when the thickness and permeability of the top blanket are 

not uniform. The solutions of the trapezoidal berm and the berm with a 

constant seepage gradient are presented for cases where the berms have a 

finite thickness b at the upstream end. An approximate method is 

presented which is very powerful in that it permits the solution for 

berms having a complex cross section. It may be used for the trape­

zoidal and constant gradient berms if desired. In the examples given 

the berm width 1
1 

and cross-sectional areas are equal. The effective 

lengths xl are: 

Berm, uniform thickness: 
Berm, trapezoid: 
Berm, constant gradient: 

570.4 ft 
582.4 ft 
588.1 ft 

Thus, a berm designed for a constant gradient is the most effective, but 

not excessively so. 

11. No attempt has been made to find the optimum berm length for 

a given cross section. Limited studies made by the author indicated 
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that optimal lengths occur when the upstream berm toe thickness b is 

zero. 

12. It was also found that the effective length x
1 

is not very 

sensitive to variation in berm length. For practical cases the deter­

mination of the optimum berm length should include costs cf clearing and 

foundation preparation of the berm area. Further it may not be desirable 

to build a berm with the thickness too small just to obtain an optimal 

berm width because of possible damage to the berm from erosion by runoff 

and riverflows. 

Conclusion 

13. In conclusion, it should be noted that the riverside berm 

should be constructed with the least pervious soils that are economically 

available, while landside berms should be constructed with the most 

pervious soils. 
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PIEZOMETRIC PROFILE 

IMPERVIOUS LEVEE 

TOP SEMIPERVIOUS BLANKET 

PERVIOUS FOUNDATION 

ENTRANCE IMPERVIOUS FOUNDATION 

Figure 1. Natural riverside blanket 

POOL 

• 

X 

PERVIOUS FOUNDATION 

IMPERVIOUS FOUNDATION 

Figure 2. Constructed berm of uniform thickness 
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POOL 

TOP SEMIPERVIOUS BLANKET 

VIOUS FOUNDA 

VIOUS FOUNDATION 

Figure 3. Constructed trapezoidal berm 

ENTRANCE VIOUS FOUNDATION 

Figure 4. Constructed berm having a constant gradient 

TOP SEMIPERVIOUS BLANKET 

PERVIOUS FOUNDATION 

VIOUS FOUNDATION 

Figure 5. Step approximation 
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Appendix A: Notation 

c 

Constants 

D Pervious foundation thickness 

i Seepage gra~ient (see Equation 31) 

I ( ) 
0 

Modified Bessel function, first kind, zero order 

Modified Bessel function, first kind, first order 

Vertical permeability coefficient of top blanket 

Vertical permeability coefficient of berm 

Permeability ratio of berm to top blanket, 
equals kt/~ 

K ( ) 
0 

Modified Bessel function, second kind, zero order 

M 

R 
0 

s 

s 
0 

Modified Bessel function, second kind, first order 

Width of riverside top blanket measured from river­
side levee toe to riverbank; width of riverside berm 

Number of steps used 

Effective length of riverside top blanket 

Head loss through berm and top blanket 

Head loss through berm and top blanket at X 

riverside berm toe 

Head loss through berm and top blanket at x = 0 , 
riverside levee toe 

t Maximum berm thickness at landside levee toe 

t Berm thickness at point x 
X 

x Horizontal distance riverward of landside berm toe; 
may also be a mathematical variable 

x1 Effective length of riverside berm and blanket 
system 
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y Piezometric head above top of seepage berm; a 
variable (see Equation 19) 

zb Thickness of top blanket 

Z' Transformed thickness of top blanket (see 
b Equation 12) 

ZB Thickness of the constructed berm of uniform 
thickness 

l; A constant (see Equation 20b) 

8 A constant (see Equation 14) 

\j! A constant 

w 
0 

A constant (see Equation 26) 

wt A constant (see Equation 28) 

w 
X 

A variable (see Equation 22) 
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}~THEMATICAL ANALYSIS OF LANDSIDE SEEPAGE BERMS 

SOLUTIONS FOR GENERAL CASES AND SHOl\T BERMS 

Introduction 

1. This supplement is a continuation of the work presented in 

Technical Report REMR-GT-1 (referred to as the main report) and ex­

tended in Supplement No. 1. In addition, analyses for short berms are 

also presented. The allowable uplift load h 
a 

at the base of the top 

blanket just under the berm toe is 

where 

h 
a 

zb the top semipervious blanket thickness 

yb the buoyant unit weight of the top blanket 

F the uplift safety factor 

yw the unit weight of water 

(1) 

To generalize the solution, the uplift safety factor will be FLS which 

is applied only to the top blanket at the berm toe and which may be dif­

ferent from the safety factor at the berm toe for the berm only or that 

for the combined berm and top blanket. Equation 1 becomes 

h 
a 

The origin of the coordinate systems for solutions presented in this 

report will be at the landside levee toe and will be positive in the 

levee landward direction. 

Assumptions 

(2) 

2. The assumptions of the main report and Supplements No. 1 and 

No. 2 apply to this report. In some instal! '0:: it may be desirable to 
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design berm widths (landward dimension) that are less than those given 

in the main report and Supplement No. 1. For these cases the computed 

uplift safety factors for the top blanket at the berm toe (x = B) will 

be less than unity. Thj~; indicates the need for additional assumptions 

which an': 

a. The mlnlmum uplift safety factor FLS at the berm toe for 
the top blanket is unity. 

b. A crack develops in the top blanket at and parallel to the 
berm toe. 

3. These assumptions are justified as follows. As the uplift 

head h increases, a condition will develop where the transmissibility a 
of the foundation is insufficient to conduct away the foundation seepage. 

The excess seepage will collect under the top blanket to form a seepage 

blister. The uplift safety factor for the top blanket will remain at 

unity. If the distortion of the top blanket becomes excessive, it will 

fail by cracking at the berm toe in a direction parallel to the berm toe. 

Seepage will emerge through the crack and the uplift safety factor of 

the top blanket will remain at unity. The seepage up through the crack 

may tend to form "boils" and possib~y "pipes," but the duration of the 

flood may be such as not to permit the development of dangerous condi­

tions. In some cases it may be desirable to install a trench drain 

along the berm toe. In some instances the top blanket will not be uni­

form and local boils may develop. The uplift safety factor for the top 

blanket will not be uniform but will be greater than unity. The value 

of FLS at the berm toe for the top blanket is assumed to be equal to 

1.0 for all short berms. 

4. The foundation seepage flux per unit levee length at the berm 

toe is for x = B - dx : 

dh 
dx 

where QB equals seepage per unit length of levee in the pervious 

foundation at berm toe (x =B). At x = B + dx the flux per unit 

length is 

3-4 

(3) 



where 

kf 

D 

c 

~ 
zb 

LLS 

h c 
a 

h 
a 

L~s 

the horizontal permeability of the pervious foundation 

the thickness of the pervious foundation 

AA = 1~s 
the vertical permeability of the top blanket 

the thickness of the top blanket 

the effective length of the landside top blanket 

If the seepage flux up through the crack in the top blanket at the 

berm toe is zero, then 

dh 
dx 

h c 
a 

(4) 

(5) 

If the seepage flux up through the crack is not zero, then its value per 

unit length of berm is 

dh - h c 
dx a 

Case I, Impervious Berms 

5. The basic second-order differential equation is 

0 

The solution of Equation 7 is 

where h is the uplift head at the base of the top blanket at 
X 

point x but measured upward from the top of the top blanket 

and c
1 

and c
2 

are constants. At x = B , 
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h 
X 

h and so 
a 

(6) 

(7) 

(8) 



h 
a 

Also at x B 

1vhere 

H 

X 

L2 

B 

and so 

H - h ..-lh a ~ ! ' ' ,. 
dx \. .. ' 

J 
X + L2 + B 

the net head on the systems 

the effective length of the riverside top blanket 

the base width of the levee 

the berm width (landside levee toe to berm toe) 

h 
a 

(H - h )B + ____ a __ 

~ + L2 + B 

Thus Equation 8 may be expressed as 

h 
X 

(H- h )(B- x) 
_____ a_______ + h 

a 

The uplift head at the landside levee toe h 
t 

(x 

(H - h )B 
a + h a 

0) is 

(9) 

(10) 

(11) 

(12) 

(13) 

Since the berm is impervious, there is no upward seepage in the berm 

and the underlying top blanket. Upward seepage occurs in the top blan­

ket beyond the berm toe. The uplift safety factor for the berm only is 

where 

F 
t y' 

X t 
y (h - t ) 

W X X 

t the berm thickness at point x 
X 

y' the buoyant unit weight of the berm t 

Equation 14 may be rewritten as 

3-6 

(14) 



t 
X 

h 
X 

y' 
1 + _t_ 

y F 
w 

(15) 

6. If the berm is short, th,~:r(' will be seepage QBT up through 

lite crack in the top blanket at the berm toe. From Equation 6 

H - h 
a 

X + L2 + B 
h c 

a 

If QBT is zero, then 

H - h 
a 

and the berm width B is 

7. 

For FLS 

B 

H - h 
a 

h c 
a 

The following is presented as an example: 

H 

c 

30 ft, 

1 
223.6 ft, 

FLS = F 

1.0 
1.5 

kf 
zb = s ft, D = so ft, ~ 200 ' 

LLS = 223.6 ft, X= L2 = 418.5 ft 

B , ft 

699.5 
1370.3 

(See table, page 11, 
main report) 

1.0 F = 1.5 h 5 ft 
a 

h ft 
ft 

b tB ' 
ft QBT/kfD B ft t t _ , __ __ , _ 

699.5 20.64 12.30 3 0.0 
600.0 19.73 11.84 3 0.00219 
500.0 18.61 11.17 3 0.00486 
400.0 17.22 10.33 3 0.00818 

b = the berm thickness (berm toe) X B 
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Case II, Infinitely Pervious Berm 

8. The permeability of the berm, both in the vertical and 

horizontal directions, is infinite. The berm offers no resist3ncc to 

seepage flowing up through the top blanket. The berm acts only as a 

weighted filtc1 to provide acceptoblc uplift safety f~ctors. The basic 

second-order differential equation is 

d
2
h kbhx 

c
2
h 

dx
2 kfDZb 

(19) 

The solution is 

h c
1

e XC + c
2

e 
-xc 

X 
(20) 

At X 0 
' 

h h so that 
X t 

h cl + c2 t 
(21) 

At X = B 
' 

h h 
X a 

h c
1

e Be + c
2

e 
-Be 

a 
(22) 

The values of c
1 

and c
2 

are obtained by solving the set of simul­

taneous Equations 21 and 22: 

and 

h - h e-Bc 
a t 

2 sinh (Be) 

h eBc - h 
t a 

2 sinh (Be) 

Equation 20 may be expressed as 

h 
X 

ha sinh (xc) + ht sinh [CB - x)c] 

sinh (Be) 
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The seepage gradient in the pervious foundation is 

At x 0 

c dh 
dx sinh (Be) [ht cosh (B- x)c - ha cosh (xc)J 

(H- h) 
K + 1: = 

dh c - - = ------,--
sinh (Be) dx 

which after algebraic manipulation becomes 

h 
t 

! + 12 
H + h c ---::~---:-=--:­a sinh (Be) 

c (! + 12) 
1 + ----~ 

tanh (Be) 

At the berm toe (x B) the seepage flux per unit levee length is 

If Q 
BT 

QBT _ c 
kfD - sinh (Be) 

0 , then 

ha[sinh (Be) + cosh (Be)] 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

If Equations 28 and 31 are equated, one can obtain an expression for the 

berm width B : 

B 
1 

ln { 
H 

L2)]} (32) 
c 

ha[l + c(! + 

9. The following example is presented: 

H = 30 ft, zb = s ft, D =50 ft, 
kf 

200 , -= 
kb 
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X+ 1
2 

= 418.5 ft, c = 

B = 223.6 ln [--5-- (1 3~ 
FLS · 

FLS 

1.0 
1.3 
1.5 

1 
223.6 ft, 

i~~:~)] 
164.8 
223.4 
255.4 

If B is greater than 165 ft; QBT is zero. If B is less than 

165 ft, QBT is finite and the berm is short with F
18 

= 1.0 

10. Another example is presented below with the data the same as 

above, plus 
y' 

= y' 
t 

(y' is the moist weight of the berm) yw b 2 t 

B = 120 ft, F 1.5 FLS = 1.0 

[30 + 
5 X 418.5 ] 

sinh ( 2 ~~~ 6) 223.6 
h 9.68 ft 

t [1 + 418.5 (:~~~6 J] X 
223.6 

tanh 

_QBT = ___ l_(-,-------.) [9. 68 - 5 cosh (2 ~~~ 6)]-
1 

kfD 223.6 · h 120 hooo 
Sln 223.6 

= 0.00898 

The berm thickness t is (from Equation 14 of the main text) 
X 

t 
X 

h 
X 

0. 75 h - 2.5 
X 
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X , ft. 

0 
30 
60 
90 

120 

h ' ft. 
X 

9.68 
8.30 
7.08 
5.99 
5.00 

t ' ft. 
X 

4.76 
3.73 
2.81 
1. 99 
1. 25 

Case III, Infinitely Pervious Berm in the Vertical 
Direction Onlz 

11. The horizontal permeability of the berm is zero, while that 

for the vertical is infinite. Thus the berm permits water to be stored 

in it which produces a back hydraulic head on the seepage flowing up 

through the top blanket. The basic second-order differential equation 

is (See Equation 19 of the main report): 

d2h 
c

2
(h 

dx
2 

where 
I; 

Setting 

y 

permits expressing Equation 33a 

where 

8 

The solution of Equation 35 is 

y 

X 
t ) 

X 

2 I 

c Zbyb 

y F + w 
y' 

t 

as 

h 8 + I; 
X 

d2y 
8y 

dx 
2 

2 
c 

y F 
1 

w +--
y' c 
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h 8 + I; 
X 

8h + r; 
X 

(33a) 

(33b) 

(34) 

(35) 

(36) 
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and so 

where 

At X 

At X 

B ' 

0 ' 

h 
X 

h 
X 

h 
a 

h 
X 

h 
a 

-B/8 
= cl eBIB + _c.:::.2_e __ - s_ 

e e e 

Solving the set of simultaneous Equations 40 and 41, one obtains 

e 
(ha - hte -B/8) + t (1 - e-BIB) 

2 sinh (BIB) 

and 

( hteB/8 - ha) - t (1 - eBIS) 

2 sinh (B/8) 

so that Equation 38 can be written as 

h = (ha + 
2

yb ytb) sinh (xiS) + (h + 
2

b y b) sinh [CB - x) /8] 
x sinh (BIB) t y t sinh: (BIB) 

The seepage grapient in the pervious foundation is 

_ dh = (h + 
2

b yb) /8 cosh [CB - x) /8] 

dx \ t y t sinh (BIB) 

3-12 

re cosh (x/8) 

sinh (B/8) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 



At x = 0 

dh 
dx ~h + 

2
b y b~ 18 cosh (BIB) 

t y' 
t sinh (B/8) 

- (h + _zb_Y_b) __ !A_e --
a y' 

t sinh (B/8) 

from which one obtains 

c! + L2)1B 
H +-----

sinh (B/8) 

c! + L2 )18 
1 + ___ ;____ 

tanh (B/8) 

The seepage flux up through the berm toe crack is 

If QBT is zero, then 

h = h £___ sinh (B/8) + cosh (BIB) [cosh (B/8) - 1] [ J 
zb Yb 

t a re - ---.y;;-

(46) 

(47) 

(48) 

(49) 

Equating Equations 47 and 49 permits the determination of the berm 

width B for the condition of no flow up through the berm toe crack. 

For short berms, B will be less than that calculated above. The equa­

ting of Equations 47 and 49 results in an implicit expression and the 

value of B must be found by trial. This can readily be done using a 

programmable hand calculator. 

12. The uplift safety factor for the combined berm and top 

blanket is 
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F 
c 

Zby' + t y' 
X t 

(h - t )y 
X X W 

The hcrm t-hickness t Cl t vo·int X is 
X 

13. An example is worked out as follows: 

H = 30 ft, zb = 5 ft, D = 50 ft, 

X+ L2 418.5 ft, 
1 

223.6 ft, = - = 
c 

y = y' = y' 
w b t 

62.4 lb/cu ft 

For 

B ft 
F FLS = 1.0 FLS 1.3 FLS = 1. 5 c 

1.0 182 
1.3 197 256 
1.5 207 304 

(50) 

(51) 

kf 
200 

~ 
, 

(See tabulation, 
page 22, main 
report) 

14. The following example is for a sh~rt berm with QBT # 0 and 

the same data as above except that 1. 0 , F = 1. 5 , and 
c 

B = 150 ft: 

BIG = 0. 42!+2 769669 

sinh (BIG) 0.4371211108 

cosh 

h 
t 

1. 091363764 

30 + 418.5Xl0 

223.6/2:5 sinh (BIG) __ _:__:_;::: 

418.5 x 5 x cosh (BIG) 

223.6/2:5 sinh (B/e) 

1 + 

10.550 ft 

418.5 cosh (B~ 

223. 6/G sinh (BIG) 
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X , ft 

0 
so 

100 
150 

t ' ft 
X 

3.33 
2.07 
0.96 
0.00 

C<~~E: _ _!V, Permeability c~f_ __ Seepage Berm EquaL to That of the 
Top Semipervious Blanket 

15. This is a limiting condition for Case V and will not be 

discussed. 

Case V, Semipervious Berm 

16. The permeability ratio of the berm to the top semipervious 
--

blanket K ranges between zero and unity. The basic second-order dif-

ferential equation is 

d
2

h 
k y' k ~z , Kc 2 zby~ t t t byt 

The solution is 

At X 0 
' 

h 
X 

dx
2 

h 
t 

kfDywF 

c2 , 

h 
X 

and 

h 
a 

~ kfDZbywF 

ex
2 

+ c
1

x + c2 2 

at X B 
' 

h 
X 

ht - ha 8B 
----

B 2 

Equation 53 may be expressed as 

ex 
2 

h (ht h ) 
X 8Bx 

2 - - - ---
X a B 2 

The seepage gradient in the pervious foundation 
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y F 
w 

h 
a 

+ h 
t 

is 

e (52) 

(53) 

' 
so that 

(54) 

(55) 

(56) 



At X = 0 

so that 

The seepage flux up 

h 
t 

-

dh 
dx 

dh - = 
dx 

H 

~-

X -

h - h 
- 8 x + ___::t:.__B_.=.a 

- h h - h 
t t 

+ L2 
B 

( "R + L2) 1 + --~ 
B 

a 

through the berm toe crack 

QBT ht - h 
+~ - SB + 

a -- = 
kfD B 2 

h - h 
SB t a h c B -2- a 

If QBT is zero, then 

SB 
2 

+~ 
2 

is 

- h c 
a 

+ h 
a 

(1 + Be) 

Equations 59 and 61 are equated so that 

where 

a 
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(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 



and 

2 
e 

The expression for the berm thickness t , using Equ~tion 84 of the 
X 

main report, is 

17. An example 

H = 30 ft, 

1 
223.6 - = 

c 

kf 
200 

~ 

t 
X 

of this is 

zb 5 ft, 

ft, y = y' 
w b 

B 
' 

h 
X 

Z y'K 
b t 
y F 

w 
y' 

1 + _t_ 
y F 

w 

computed as 

D = so ft' 

= y' 
t 

= 62.4 

ft 
F = 1. 5 

K 
F FLS = 1.0 FLS = 1. 0 FLS = 1.2 

1.0 209.4 264.7 316.0 

1 X 10-l 535.3 577.7 753.5 

1 X 10-2 676.7 648.1 938.1 

1 X 10-3 697.2 698.0 964.8 

1 X 10-4 699.3 699.4 967.6 

1 X 10-5 699.5 699.5 967.9 

1 X 10- 6 699.6 699.6 967.9 

1 X 10- 7 699.6 699.6 967.9 

The values of B are sensitive to variations 

follows: 

]f + L2 418.5 ft, 

lb/cu ft, QBT = O ' 

FLS = 1.5 

370.4 (See table, 

975.2 
page 31, 
the main 

1307.7 report) 

1363.7 

1369.7 

1370.3 

1370.4 

1370.4 

of K and FLS 

(64) 

(65) 

of 

18. An example of a short berm follows. The same data as above 

is used, plus 

F = 1.5 
' FLS 1.0 

' 
B 300 ft' K = 0.1 
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h 
t 

l! 
X 

t 
X 

30 + 5 X 418.5 
300 

0.1 X 5 
1.5 

1 + 418 ·2 
300 

X 300 X 418.5 
X 50,000 

15.089 ft 

0.1 X ~ 2 (]5.089- 5) . , 
X 2 

(x -- 300x) - -- -3_--0 (--)-~ x + 15.0~l; 50,000 X _1.5 

h 
X 

5 X 0.1 -----
1.5 

X 
' 

ft 
--

0 
so 

100 
150 
200 
250 
300 

0.6h - 0.2 
X 

h ' ft 
X 

15.089 
13.37 
11.66 

9.97 
8.30 

'6.64 
5.00 

t ' ft 
X 

8.85 
7.81. 
6.80 
5.78 
4. 78 
3.78 
2.80 

The seepage flux up through the top blanket crack at the berm toe, per 

unit berm length, is 

0.1 X 5 X 300 15.089 - 5 
5Q,QQQ X 1.5 X 2 + 300 223.6 

5 0.01027 

Case VI, Variable Uplift Safety Factors 

19. The uplift factor for the berm only varies in a linear manner 

from a minimum of at at the berm toe (x B) to a maximum of F 
0 

the levee landside toe (x 0). The uplift safety factor for the top 

blanket at the berm toe is FLS The permeability ratio K varies 

from zero to unity. The case for K greater than unity will be dis­

cussed under Case VII. The basic second-order differential equation is 

Equation 87 of the main report. If FB 1 FLS then Equation 105 of the 

main report must be modified as follows: 
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ln (Fo) _ -~-] + E[! + 
1

2 
FE F - FE F - F 

o o E 

0 

Set 

A = 

__ [K + 1 2 
C - F - F 

o E 

D = 

The berm width E , for QET = 0 , is 

E ~A ~ 1 + J 1 -
4~~) 

The uplift head h and the berm thickness t are given by Equa-
x X 

tions 99 and 110 of the main report. 

20. An example is presented as follows: 

H = 30 ft, Zb = 5 ft, D = 50 ft, X+ 12 = 418.5 ft, 

1 
c 11S = 223.6 ft, yw 

F 
0 

1. 5 , K 
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y' 
b 

0.1 

y' 
t 

62.4 lb/cu ft 

(66) 

(67) 

(68) 

(69) 

(70) 



FLS 

1.0 
1.0 
1.0 
1.0 
1.0 

FB = FLS 

1.0 
1.1 
1.2 
1.3 
1.4 
L49 
1.499 
1. 4999 
1. 49999 

FB 

1.0 
1.1 
1 . 2 
1.3 
1.4 

B , ft 

555.5 
560.5 
565.6 
570.0 
574.0 

B , ft 

555.5 
646.7 
733.8 
817.5 
897.8 
967.6 
974.5 
975.2 
975.2 

The above results should be compared with those t~bulated for Case V 

for K = 0.1 If F , FLS , and K are fixed, 
0 

slightly as FB varies. If FB = FLS , B varies 

manner as FB varies. 

21. For a short berm, B is less than that 

The uplift head at the base of the top blanket is 

where 

and 

At X B , h 
X 

h 
a 

h 
a 

h 
X 

8 
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B varies only 

in a significant 

given by Equation 70. 

(71) 

(72) 

(73) 

( 7 Lr) 



At X 0 ' h 
X 

h 
t 

F 
0 

8(F ln F 
0 0 

(75) 

Subtracti,,g Equation 75 from Equation 73, and then with minor alzebraic 

manipulation one has 

(76) 

and from Equation 74 

(77) 

From Equation 110 of the main report, the berm thickness at point x is 

y'Z K 
h 

t b 
X 

yw[Fo - (F - FB) i] 0 (78) t 

(1 y') 1 X 

+__..!:_ 
- (F - FB) 

X 
yw Fo 0 B 

The value of h at X 0 is 
t 

~ 8 <R + L2) 
H - (_)(_ + L2 ) (F0 - F8 ) i 1n F0 + (_)(_ + L2)_B_ ~~-1~-~o_-=__3,~-~=--F_? __ +~:_s_l_:t:__B~-~ (79) 

(~ + L2) 
1 +-~B~ 

The seepage flux per unit levee length up through the top blanket crack 

at the berm toe is 

(80) 

22. An example is presented as follows: 
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kf 
H = 30 ft, Zb = 5 ft, D = 50 ft, ~ = 200 , 

1 
X+ L? = 418.5 ft , ~ = LLS = 223.6 ft , 

F 
0 

Yb = y~ = 62.4 1b/cu ft, B = 500 ft, 

1.1 1.0 

2 
8 = 0.1 X 500 X 5 X 62.4 = 1S.62S 

62.4(1.5- 1.1) 

h 
a 

K = 0.1 , 

5 ft, 

[30- (418.5)(1.5- 1.1) 
1;0 ~25 1n 1.5 + (418.5) 

1; 0 ~25 (1.5 1n 1.5- 1.1 1n 1.1- 1.5 + 1.1)- 418 · 5 x 5] 
ht = 500 

= 13.633979* 

t 

1 + 418.5 
500 

'[(13.633979 - 5) - 15.625 
c1 ( ) ( ) (1.5 ln 1.5 1.5 - 1.1 1.5 - 1.1 

- 1.1 ln 1.1- 1.5 + 1.1) J = 17.54758561* 

c
2 

5 - 15.625(1.1 ln 1.1 - 1.1) - 17.54758561 x 1.1 

1. 24 70121141~ 

X 
¢ = 1.5 - (1.5 - 1.1) SOO = 1.5 - 0.0008x 

h = 15.625(¢ ln ¢- ¢) + 17.54758561¢ + 1.247012114 
X 

h 62.4 X 5 X 0.1 
X 

62.4[1.5 - (1. 5 - l.l)] 5~0 
(1 + g._4_)[ 1 

l.l) 5~0 J 
X 

62.4. 1.5 - (1. 5 -

h 
X 

0.5 
1. 5 - 0. 0008x 

2 
1. 5 - 0. 0008x 

with the following results tabulated: 

* Values in hand computer program. 
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ft _L_ 
h 

' 
ft t 

' 
ft 

X ~ X X 

0 1. 50 13.634 9.98 
100 1. 42 11.757 8.10 
200 1. 34 9.951 6.42 
300 l. 26 8. 219 4.93 
400 1.18 6."'!67 3.62 
500 1.10 5.000 2.50 

Case VII, Pervious Berm 

23. The basic second-order differential equation has not been 

solved and therefore it is necessary to use a finite difference method 

of solution for the uplift head h 
X 

The method is shown on page 46 of 

the main report. An expression for the intial value of h
2

_ is given 

on the lower middle part of page 47 of the main report, whi~h contains 

h The definition of h is not general and the following modifica-
a a 

tion is necessary: 

(

Fy' 
b - -

2 ---F + y FK + y'K-
LS w t 

(81) 

24. The solution for the short berm case cannot be solved in the 

manner noted above because of the seepage QBT One must go to the 

levee landside toe and proceed stepwise to the berm toe. An initial 

value of h 
t 

is assumed and after a series of stepwise computations, a 

value of h is calculated. This value will generally not be that of 
a 

Equation 2. A new value of h is 
t 

assumed and the process is repeated. 

This procedure is continued until the calculated value of h 
a 

is suf-

ficiently close to the value of 

of is found using 

h 
a 

3-23 

from Equation 2. The initial value 

+ (82) 



Knowing 

by using 

h , which is also 
t 

, and 

y'Z K 
t b 

, one can compute 

zb Y~) +-­y' 
t 

y' 
1 - b 

y'K 
t 

(83) 

The values of the berm thickness at intervals of ~x are computed using 

t 
X 

hlywF - Zby~ 
y F + y 

w t 

In some cases the uplift safety factor F may not be a constant 

function of X For the latter case the value of F will vary 

each step. 

25. 

The flux QBT/kfD is 

QBT h2 - h 
a h c 

kfD ~X a 

An example is presented as follows: 

H 30 ft, zb = s ft, D = 50 ft, 200 ' K 10 

X + 1
2 

= 418.5 ft, 
1 
~ = 223.6 ft = 118 , B = 150 ft, 

ha = 1.5 , yw = y~ = y~ = 62.4 lb/cu ft, F18 = 1.0 , 

F = 1.5 , ~x = 10 ft 

t 
X 

h /418 . s + 1 o ) _ 3 o o + -,-
0

_· 
0
-,-

0
___,
1
_C_h_t_+=---:s_) 

t~ 418.5 418.5 0.03ht + 2.4 

0.002(h2 + 5) 
2h2 - h3 + 0.03ht + 2.4 

h1 X 1.5 - 5 
= 0.6hl - 2 1.5+1 
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(84) 

but a 

for 

(85) 



Estimate 

Use h 
t 

h 
t. 

l 

13 ft 

1 3. 0 
12.8 
12.7 
12.78 

h , ft, Calculated a 

5' 32 
.).03 
4.88 
5.00* 

* Agrees with given value of 
5.0 ft. 

12.78 ft, hx =10ft, B =150ft to give 

X 
' 

ft 

0 
10 
20 
30 
40 
so 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 

~~ If F = 

K > 1.0 

If F > 

K > 1.0 

5.58 - 5.00 
10 

h 
X ' 

ft t 
' 

ft 
X 

12.78 5.67 
11.98 5.19 
11.56 4.93 
11.12 4.67 
10.68 4.41 
10.22 4.13 

9.75 3.85 
9.27 3.56 
8.78 3.27 
8.28 2.97 
7. 77 2.66 
7.24 2.34 
6.70 2.02 
6.15 1. 69 
5.58 1. 35 
5.00 1.00* 

FLS then for 

b = tB = 0 

FLS then for 

' 
b = tB > 0 

5 0.0356 223.6 

Case VIII, Berm with Constant Slope 

26. The solution for this case is given in Supplement No. 1 for 
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the condition that QBT , the seepage up through the top blanket crack 

at the berm toe, is zero. The definition of h requires revision to 
a 

that of Equation 2 of this supplement to render the so] <Jtion more 

general. The thici;c1ess of the berm t ·1t point x is 
X 

t 
X 

t - (t - b) ~ 

The thickness of the berm toe b at x = B is 

b 

for K less than 1.0. If 

y FB 
1 +-w­

y' 
t 

(86) 

(87) 

(88) 

then b is zero. The expression for y is revised (coordinate change) 

to 

hx - t + (t - b) ~ y (89) 

The expression for [, is also revised for the same reason: 

t (t b)x 
K+~ iZ + !_ 

-
[, 

zb zb BZb 
(90) 

The basic second-order differential equation is 

(91) 

where 

(92) 
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The solutions for y and dy/d~ are 

y 

where 

h - r 
X 

dy = 2o/(C
1

I (w ) - c
2

K (w )] 
rl~ 0 X 0 X 

w 
X 

The values of c
1 

and c
2 

are those of Supplement No. 1: 

and 

(h - b)I (w ) - [/h -
a o B \

1 

a 

where 

~ 
~ ZbK 

From Equation 37 of Supplement No. 1, 

H 
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(93) 

(94) 

(95) 

(96) 

(97) 

(98) 

(99) 



where 

w 
0 

(100) 

As noted in Supplement No. 1, values of the berm width B and the berm 

thickness t at x = 0 are assumed to calculate H • These values are 

varied by trial until the calculated value of H agrees with the given 

value. 

27. The uplift safety factor at point x , F , is not a constant 
X 

but varies with a maximum between x = 0 and x = B . For the com-

bined berm and top blanket, 

and for the berm only 

F (combined) 
X 

F (berm) 
X 

The lower value will control. 

z y' + t y' 
b b X t 

(h - t )y 
X X W 

(ZbK + t )y' 
X t 

(h - t )y 
X X W 

(101) 

(102) 

28. The basic second-order differential equation for the short 

berm is given by Equation 91 and the solutions are those of Equations 93 

and 94. The evaluations of constants c
1 

and 

QBT is not zero. At x = 0 

and 

Equation 93 becomes 

w 
0 

h - t 
t 

dh 
dx 

h = h 
X t 

and y 

(H- h) 
= - ! + L: 

2zbBcKR 1 + _t_ 
t - b z K" 

b 

3-28 

c2 are changed because 

h - t 
t ' 

(103) 

(104) 

(105) 



Equation 94 becomes 

[-~H - ht) + .!___=___ b](~~zb_) 
- B t - l1 X+ L -
- 2 

(H - ht) BZb 

=CR + L2)(t - b)-. zb 

Solving the simultaneous Equations 105 and 106, one obtains 

cl (h - t)K (w ) t 0 0 [C- h 
+ ! + L: ~ (t B: b) J 1 + z:K] Kl (wo) 

c2 (h - t) I (w ) 
t 0 0 [C- h - ! + L: ~(\~b) H] Il (wo) 

At x 0 , the uplift safety factor is 

and 

From which 

F (combined) 
0 

F (berm only) 
0 

2b Yb 
h 

t 

(Z y' + ty') 
b b t 

(h - t)y 
t w 

(ZbK + t)y~ 
(h - t)y 

t w 

+ t(y~ + y F ) w 0 
c 

F o yw 
c 
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F 
0 

c 

(106) 

(107) 

(108) 

(109) 

(llO) 

(lll) 



ZbytK + t(y~ + y F ) 

h 
w OB 

(112) t F o yw 
B 

One must assume values of t and h 
t 

for use in calculating cl and 

c2 . The value of (ht - ~ can be readily calculated: 

or 

using F 
0 

c 
or F , whichever is controlling. 

OB 
Also 

(H - h J = H - (h t - .t) - t 

(113) 

(114) 

(115) 

Values of t are assumed and c
1 

and c
2 

found. The correct value 

of t is that which gives a calculated value of h - b 
a 

equal to that 

given, using 

(116) 

where Equation 98 gives WB 
29. An example is presented as follows: 

30 5 so ft' 
kf 

H ft, zb ft, D = - = 200 , 
kb 

X+ 12 = 418.5 ft, 
1 

223.6 ft, h 5 ft' B 500 = ' c a 

Yw y' 
b 

y' = 
t 

62.4 lb/cu ft' FLS = 1. 0 

F FB 1.5 
' 

K 0.1 
0 
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* 

b 
5(1.5 x 62.4 

1 X 62.4 

1 + 62.4 
62.4 X 

2.8 ft 
1.5 

(ha - b)= 5 - 2. 8 2. 2 ft 

( '-'-5_x _0_._:_1_+--=.t.L.) .::..;.6 2=--·:._:_4 0 . 5 + t (ht - t) = - 1.5 X 62.4 1.5 

2 X 5 X 500 X 0.1 /l 
Y + 2 X 2.8 

223.6(t - 2.8) 
5oo/6.6 

223.6(t - 2.8) 

2 X 5 X 500 X 0.1 h + 2t 5ooh + 2t w 223.6(t - 2.8) 223.6(t - 2.8) 0 

2 X 5 X 500 X 0.1 ~1 + 2t - (t - 2.8)x w 223.6(t - 2.8) 500 X 5 X 0.1 X 

For various values of t 
' 

the following results occur: 

(ht - t) ' ft )~ I (w ) Il (wo) K (w ) Kl (wo) t ft w [ ] 
' 

0 0 0 0 0 ----

10.6 7.40 1.350766 13.77372 1. 5109 0.8479 0.2600 0.3451 
10.7 7.46667 1. 339666 13.20252 1. 5016 0.8318 0.2639 0.3510 
10.8 7.5333 1.32881 12.62540 1. 4926 0.8223 0. 2677 0.3567 

t 
' 

ft cl c2 Il (wB) Kl (wB) 
(ha - b) , ft 

WB Calculated 

10.6 6.6773 -0.4981 0.73650 0.3938 0.9755 1.5788 
10.7 6.6045 +0. 2301 0. 72718 0.3882 0.9939 2.0307 
10.8 6.5202 +0.8624 0. 71809 0.3827 1. 0123 2.4187 

By interpolation t 10.744 ft 

w 
X 

t 
X 

500 ~1 223.6(10.744- 2.8) 

= 10 . 744 _ (10.744- 2.8)x 
500 

+ 2 x lO. 744 _ (10.744- 2.8)x 
500 X 5 X 0.1 

Coefficient of K
1 

(w
0

) 

respectively. 
and of Equations 107 and 108, 
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X , ft 

0 
100 
200 
300 
400 
500 

(ht - t) = 
0

•
5 :.~0 · 744 

= 7.496 ft 

h 
t 

7.496 + 10.744 18.240 

c2 7. 4961
0 

(1. 334856 + [ J r1 (1. 334856) 

c1 6.5685 

c2 0.51066 

0.5 + t 
X 

h - t 
X X 

Il (wx) w 
X 

1.334856 0.8276 
1. 23696 0.7445 
1.13061 0.6606 
1. 01317 0.5745 
0.88019 0.4841 
0. 72315 0.3857 

K1 Cw) 

0.3535 
0.4103 
0.4851 
0.5887 
0.7425 
1. 0020 

ft h t , - t 
X X X 

10.744 7.497 
9.1552 6.308 
7.5664 5.186 
5. 9776 4.128 
4.3888 3.133 
2.8000 2.202 

ft 
F 

XB 

1.50 
1. 53 
1. 56 
1. 57 
1. 56 
1. 50 

The solution for a short berm for this case is very sensitive to the 

value of t • 

Conclusions 

30. The conclusions of the main report and Supplements No. 1 and 2 

remain unchanged. Solutions are presented in this supplement for a 

coordinate system having an origin at the levee landside toe and that 

is positive landward. The solutions are more general by having the 

uplift safety factor for the top blanket at the berm toe different than 

that for either the berm or the combined berm and top blanket at the 

berm toe. 
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31. Solutions are also presented for berms which are shorter than 

regular berms. The uplift safety factor for the top blanket FLS at 

the berm toe is assumed to be unity and a crack occurs in the top blanket 

at the berm toe parallel to the berm toe. The seepage up through the 

crack QBT is assu:ned to occur. While piping at this crack i~: not 

precluded, it is assumed that for a given flood no serious damage will 

occur. For such berms, it may be desirable to install a trench drain 

along the berm toe. 

32. Some of the solutions are explicit and direct; others are 

implicit and require a hunt-and-seek technique to obtain answers. Some 

solutions are very sensitive to variations of the variables and re-

quire a fair number of significant places in the numerical values used. 

The final results are given to three figures, which may be too many 

figures. Considering the simplifying assumptions used, the solutions 

presented are highly approximate to real situations and should be used 

only as a guide to the designer's judgement. The solutions given are de­

terministic. It is suggested that a probabilistic approach be used in 

design. 
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Appendix A: Notation 

A A constm,i (see Equation 67) 

b 

B 

c 

c 

F 

D 

D 

e 

F 
0 

0 
c 

F 
X 

h 

h 
a 

H 

i 

Thickness of berm at the landside toe 

Seepage berm width from the landside levee toe 

to the landside berm toe 

(k /k DZ ) 1 / 2 
b f b 

Constants 

A constant (see Equation 68) 

Pervious foundation thickness 

A constant (see Equation 69) 

2.71828 

Uplift safety factor at landside berm toe 

Uplift safety factor for top semipervious 
blanket at berm toe 

Uplift safety factor at landside levee toe 

Uplift safety factor at levee landside toe for 

berm. only (x = 0) 

Uplift safety factor at levee landside toe for 

combined berm and top blanket (x = O) 

Uplift safety factor at point x 

Seepage uplift head at base of top blanket at 
point x, referenced to top of top blanket 

Allowable seepage uplift head at the landside 

berm toe (measured at base of top blanket 
referenced to top of top blanket) 

Net hydaulic head between river flood level 

and the landside upper surface of the top 
blanket 

Seepage gradient 

3-34 



I ( ) 
0 

K ( ) 
0 

t 

t 
X 

X 

X 

Modified Bessel function, first kind, zero 
order 

Modified Bessel function, first kind, first 
order 

Vertical permeability coefficient of top 
blanket 

Horizontal coefficient of permeability of the 
previous foundation 

Vertical permeability coefficient of berm 

Permeability ratio of berm to top blanket, 

equals kt/~ 

Modified Bessel function, second kind, zero 
order 

Modified Bessel function, second kind, first 
order 

Width of riverside top blanket measured from 
riverside levee toe to riverbank 

Base width of levee 

Effective length of landside top blanket 
measured landward from berm toe 

Seepage per unit length of levee in the per­
vious foundation at berm toe (x = B) 

Seepage per unit length of levee flowing up 
through crack in the top semipervious blanket 
at berm toe 

Seepage per unit length of levee in the per­
vious foundation beyond the berm toe 

Maximum berm thickness at landside levee toe 

Berm thickness at point x 

Horizontal distance riverward of landside berm 
toe; may also be a mathematical variable (see 
Appendix B, Supplement No. 1) 

Effective length of riverside top blanket 
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y Piezometric head above top of seepage berm 

Zb Thickness of top blanket 

a A constant (~ce Equation 63) 

y' Buoyant unit weight of top blanket 
IJ 

y' Buoyant unit weight of berm 
t 

Yw Unit weight of water 

~ A constant (see Equation 64) 

Equal to 1/n arctan 1/~ E 

8 A constant (see Equations 36, 52, and 72) 

~ A constant (see Equation 33a); see Equation 90 

¢ A variable (see Equation 73) 

~ A constant (see Equation 92) 

wB A constant (see Equation 98) 

w A constant (see Equation 100) 
0 

w A variable (see Equation 95) 
X 
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